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Preface

This booklet is based on lectures which I have given at the
University of Helsinki for several times in the course of al-
most 30 years. The main part of my audience were future
mathematics teachers. That a teacher can better appreci-
ate the knowledge she is transferring to her students if she
has some knowledge of its roots is self-evident. The author
hopes that the younger and older people with an interest
in solving problems and enjoying mathematics – the target
population of the LAIMA series – will also have a richer
experience of mathematics when they take a view of it from
the historical perspective.
Because of the place of origin of the text, some details re-
ferring to Finland, by home country, occasionally appear.
I decided to keep them in this English version, if only for
distinguishing it from the multitude of existing books on the
history of mathematics.
For technical reasons, this history will appear in two vol-
umes. The present one carries the story from ancient times
to the doorsteps of the invention of the Calculus.

Helsinki, Finland, September 2008
Matti Lehtinen
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About the LAIMA series

In 1990, the international team competition ”Baltic Way”
was organized for the first time. The competition gained its
name from the mass action in August, 1989, when over a
million people stood hand in hand along the Tallinn – Riga
– Vilnius road, demonstrating their will for freedom.

Today ”Baltic Way” has all the countries around the Baltic
Sea (and also Iceland) as its participants. Inviting Iceland
is a special case remembering that it was the first country
in the world which officially recognized the independence of
Lithuania, Latvia and Estonia in 1991.

The ”Baltic Way” competition has given rise to other math-
ematical activities, too. One of them is the project LAIMA
(Latvian–Icelandic Mathematics Project). Its aim is to pub-
lish a series of books covering all essential topics in the arena
of mathematical competitions.

Mathematical olympiads today have become an important
and essential part of the education system. In some sense
they provide high standards for teaching mathematics on an
advanced level. Many outstanding scientists are involved in
composing problems for competitions. The ”olympiad cur-
riculum”, considered all over the world, is a good reflection
of important mathematical ideas on elementary level.

It is the opinion of the publishers of the LAIMA series that
there are relatively few important topics which cover almost
everything that the international mathematical community
has recognized as worthy to be included regularly in the
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search and promotion of young talent. This (clearly subjec-
tive) opinion is reflected in the list of teaching aids which
are to be prepared within the LAIMA project.
23 books have been published so far in Latvian. They are
also electronically available in the web page of the Corre-
spondence Mathematics School of the University of Latvia,
http://nms.lu.lv. As LAIMA is rather a process than a
project, there is no idea of a final date; many of the al-
ready published teaching aids are second or third versions
and they will be extended regularly.
Benedict Johannesson, President of the Icelandic Society
of Mathematics, gave inspiration to the LAIMA project in
1996. Being a co-author of many LAIMA publications, he
also was the main sponsor for many years.
This book is the sixth LAIMA publication in English.
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1 Introduction

1.1 Why history of mathematics?

On the surface, mathematics seems to be a logical theory,
complete in itself, not bound to place or time. But many of
its concepts, practices and symbols are clarified and become
more understandable if we know something of the histori-
cal reasons behind them. Also, we are not so much aston-
ished by the difficulty of learning mathematics, if we realize
that the invention and polishing of many of the things now
taught in elementary courses has required even centuries of
efforts, trials and errors by some of the sharpest brains of
humankind. The student often encounters these results in
a streamlined form. On the other hand, when the student
meets an application problem or tries to do independent
research at some level, the problems often seem to be over-
whelming. History teaches us that even the streamlined
parts have been put up with much effort and trouble.

The unity of mathematics is dimmed by the fact that as a
science it splits into hundreds of different specialities. The
history of mathematics helps us to appreciate mathematics
as a fundamentally unified science.

The representatives of all sciences tend to raise monuments
to their colleagues by naming concepts and results after
them. In this, mathematicians are no exception. Not sel-
dom these names are not quite accurate. The theorem at-
tributed to X was actually proved by Y , a fact not known
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to Z, who gave the name. We need not form a firm opin-
ion about the origins of mathematics – whether it exists
independently of man or whether it is man’s creation – to
observe that results of mathematics are associated to peo-
ple and their achievements. One reason to learn about the
history of mathematics is to know about the people behind
the names and their mutual interaction.

One aim of a course in the history of mathematics is arous-
ing interest in mathematics as an essential part of human
culture. To remind the general public of this often forgot-
ten fact can only be the task of mathematicians and teachers
of mathematics. In any case they hold the key position in
attempts to break the surprisingly widespread prejudices of
mathematics as something inhuman, a field of knowledge be-
yond the understanding of an otherwise civilized person and
also quite unnecessary to understand. A common feature in
very many popular books of mathematics is the reliance on
history of mathematics as a means to convey the meanings
of mathematics to the general public. But this bias itself
also recommends that professionals of mathematics ought
to have a somewhat balanced and extensive picture of the
history of mathematics.

And the history of mathematics is a fascinating field of
study!

1.2 About this book

The history of mathematics can be approached from dif-
ferent directions. One can look at chronology, geography,
the divisions of mathematics into its various subfields, the
interaction of mathematics with the surrounding world, or
one can look at the people of mathematics, their biographies
or opinions. In this book, we most often take the simplest
choice, an approach following the chronology of events. As
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long as we move in a relatively remote past, this approach is
meaningful. But when we come closer to modern times, the
immense amount and complexity of mathematical knowl-
edge gives rise to a flood of concurrencies. This makes an
approach vaguely based on the divisions of mathematics al-
most inevitable.
Of course, it is almost impossible to consider history of
mathematics without some understanding of mathematics
itself. Also, the historical phenomena are bound to time
and place. To follow the presentation, one has to possess
some knowledge of general history and geography. So we
write with the basic assumption that mathematics and his-
tory are not totally strange to the reader. The emphasis of
the presentation is strongly on the side of less sophisticated
mathematics, and no special prior requirements are presup-
posed. I hope that the course in the history of mathematics
teaches some real mathematics, or at least encourages the
reader to take a look at parts of mathematics previously
unknown to her or him.
The level of the exposition is semi-popular. It is not quite
possible to follow even the broad lines of the development of
mathematics without some mathematics proper. The reader
may however, if she wishes, skip over places where an occa-
sional short digression to a derivation or proof of some result
is made. But one should remember that the fundamental
significance of mathematics may not be in its results but in
the way they are linked together by the glue called proof.
An orthodox historian should not rely on second-hand
sources. This booklet, however, is almost completely built
on the several full-size text-books that I have had at hand.
I do not point out the sources, but the bibliography lists
books that I have found to be useful. There is no shortage
of printed or internet material available to anyone wishing to
go a bit deeper into the questions considered here. – When
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reading original research papers on the history of mathemat-
ics one cannot avoid the impression that the main goal of a
historian is to refute the prevailing conceptions on the mat-
ter under consideration. My aim is less ambitious. Rather
than refute, I try to present the prevailing conceptions.

Mathematics has developed tremendously in the course of
its long history and so have the conventions in talking and
writing about mathematical objects. An old mathematical
idea is often easier to convey if we use modern terms and
notation. The reader should be aware that, for instance,
when we discuss the ”algebra” of ancient Greeks, we use
algebraic notation which did not exist before the 17th cen-
tury, and when we refer to the ratio of the circumference
and diameter of a circle as π, we use a convention born in
the 18th century.

It should be evident without mentioning that a presenta-
tion of the history of mathematics in this concise format
can only give a very superficial picture of the many-faceted
developments the science has experienced in the course of
centuries and millennia. The reader wishing to know more
or deeper has a wide choice of general histories and more
special studies to consult.

1.3 The great periods in the history of math-
ematics

Before we start a closer look at the mathematics of different
historical times, it might be useful to make an extremely
short overview of the 5000 years of mathematics.

The great periods in the history of mathematics include the
pre-classical antiquity, in particular the flourishing of the so
called Babylonian mathematics around 2000 BC, the clas-
sical and Hellenistic antiquity, a period of almost one thou-
sand years from 500 BC to 300 AD, the period of early me-
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dieval Indian mathematics 500 AD to 1200 AD, the golden
time of Islamic or Arabic mathematics around 800 – 1200
AD, the Italian Renaissance around 1500, the birth and
rapid development of mathematical analysis in Western Eu-
rope in the 17th and 18th centuries, the period of rising
abstractness in the 19th century. To this list we can safely
add the 20th century, which probably increased the amount
of mathematical knowledge as much as any earlier period
and during which most of the mathematicians of all time
lived.
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2 On the prehistory of mathematics

The elaborate and abstract conceptual world of modern
mathematics is based on early observations of number, size
and form. There are mostly pieces of indirect evidence and
speculations on how these observations were turned into a
somewhat systematic form among primitive peoples. Spe-
cialists have presented theories, among others, on the birth
of counting or geometry as a response to practical needs as
well as on their possible religious and ritualistic origin.

The need to express numbers or parts of division is evident
already in cultures based on collection or hunting. Most
languages give examples of clearly mathematical idea: the
putting together of larger numbers from smaller units. Lin-
guistic evidence shows that in most cultures the expressions
of numbers are somehow formed on a five- or ten-base sys-
tem, which of course is natural as our bodies are formed as
they are. Some languages exhibit traces of systems based
on 20, 3 or 2. In French, for example 80 is quatre-vingts or
four twenties and 90 is quatre-vingts-dix , four twenties and
ten. – In Finnish, and languages related to it, one can trace
the origins of the decimal system from the pairs kahdeksan,
eight, kaksi , two, and yhdeksän, nine, yksi , one. The lin-
guists’ explanation to these forms is that the suffix -eks-
might show that something is missing, evidently, in eight
on misses two and in nine one, to get a full ten. The word
kymmenen, ten, is explained to follow from kämmen, palm,
indicating that ten has been expressed by bending all fin-
gers against the palm. Also, comparative linguistics shows
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that the word for five and two belong to the oldest stratum
of our language.
It is also possible to discern linguistic testimony in the nam-
ing of the fundamental concepts of geometry. An interesting
fact is that in many languages names of lines associated to
angles or triangles are names of limbs: the legs of an isosce-
les triangle.
Geometric ornaments can be seen in stone age ceramics and
textiles. This arouses thoughts about the possible basis of
geometry in the aesthetic needs of man. The development
of agriculture and land ownership has given rise to the need
of land measurement. The meaning of geometry in rituals
can be seen for instance in the earliest Indian texts, the
Sulvasutras, which deal, among others, with the proportions
of altars in temples, or in the famous Delian Problem or the
problem of doubling the cube; according to the traditional
story, the origin of the problem was a cubical altar stone.
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3 The mathematics of ancient civiliza-
tions

Mathematics at least partially in the same sense as we un-
derstand the word at present time, enters the world with the
first great civilizations that emerged in the river valleys in
Egypt, Mesopotamia, India and China (the American Maya
and Inca cultures are later and they were totally isolated
from the development of mathematics in other part of the
world). Broadly speaking, all these civilizations had a devel-
oped agriculture and irrigation, a differentiated social order
and a centralized government around two or three millen-
nia BC. All these activities need calculations. At present we
have a rather clear understanding of the mathematics in the
two first areas in the list. The impact of the Mesopotamian
cultures has been most important to the development of
Western mathematics.

3.1 Egyptian mathematics

The system of numeration used in the hieroglyphic scripts
was in use around 3000 BC at the latest. Its principle is
the one used in the Roman numerals. Every power of ten
has its own symbol, and the symbol is repeated as many
times as needed. In writing, the lower powers appear on the
left. Numbers of the order of a million have been found in
Egyptian inscriptions.
Around 2000 BC the number system was developed towards
our system, when in the so called hieratic writing numbers
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Hieroglyphic numerals

were given separate symbols. The bulk of all preserved an-
cient Egyptian mathematics is written in hieratic.

Hieratic numerals

The Egyptians possessed a fairly well-developed calendar.
The year had 12 months of 30 days and 5 additional days of
adjustment. The Egyptian architecture also shows consid-
erable mathematical abilities (the pyramids; but the later
numerological speculations attached to the Great Pyramid
of Gize in particular, are not to be taken seriously). In addi-
tion to this kind of indirect evidence there are a few sources
giving direct information of the way the Egyptians did their
mathematics. The most important of these are two papyrus
scrolls, the so called Rhind Papyrus dating from about 1650
BC, and the so called Moscow Papyrus from about 1850
BC.
The Rhind or Ahmes Papyrus contains 85 problems with
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answers, mostly of arithmetical content, and some tables to
ease the calculations. The text is very concise and not easily
interpreted. (Ahmes was a scribe who actually copied a
much older original; Henry Rhind , 1833–63, was a Scottish
banker and collector who bought the scroll in 1858 in a
bazaar in Luxor. The scroll is about 5 meters long and less
than one meter wide; at times it is on display in The British
Museum in London.)

Judging from the Rhind Papyrus, the main characteristics of
Egyptian mathematics are additivity, multiplication and di-
vision based on doubling and the distributive law, and the
use of unit fractions. So, for instance, the multiplication
69 × 19 = 69 × (16 + 2 + 1) was computed by the opera-
tions 69 + 69 = 138, 138 + 138 = 276, 276 + 276 = 552,
552 + 552 = 1104 and 1104 + 138 + 69 = 1311. In fact, the
Egyptian multiplication is based on the binary representa-
tion of numbers. (It is easy to prove that every positive
integer n equals a sum

∑k
j=0 aj2j , aj ∈ {0, 1}.)

The Egyptians seem to have used almost exclusively only

unit fractions, fractions of the form
1
n

. (The fraction
2
3

was allowed, however.) The Egyptian number system did
not have a sign for a more general fraction; a unit fraction
was denoteted by the sign of the denominator and a dot or
a small oval over it. Doubling a unit fraction results in a

fraction of the form
2
n

, bau as this was not allowed, there

were tables for converting
2
n

into a sum
1
a

+
1
b

+ . . .+
1
c
. The

Rhindin Papyrus gives this representation for all odd n in

teh interval [5, 101]. (The trivial decompositio9n
2
n

=
1
n

+
1
n

was not accepted.) – The mathematical justification for the
decomposition was only given by the English mathematician
J.J. Sylvester in the 19th century. He proved that every
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fraction can be written as a finite sum of unit fractions. The
proof goes by induction on the numerator of the fraction:

Let p ≥ 2. We assume that every fraction
k

q
is

a sum of different unit fractions for k < p. (Of

course this is true for p = 2.) Now let
1
n

be the

larges unit fraction smaller than
p

q
. Then

1
n

<
p

q
<

1
n − 1

or 0 < np − q < p. But

p

q
=

1
n

+
np − q

nq
.

Since np − q < p,
np − q

nq
can be written as a sum

of different unit fractions. Because
np − q

nq
<

1
n

,

none of them equals
1
n

.

To illustrate the Egyptian division, we compute
19
8

. It is a
number which, when multiplied by 8 yields 19. Now 1·8 = 8,

2 ·8 = 16,
1
2
·8 = 4,

1
4
·8 = 2,

1
8
·8 = 1; since 19 = 16+2+1,

19
8

= 2 +
1
4

+
1
8
.

The Rhind Papyrus evidently was written as a text-book for
Egyptian scribes. It contains a number of problems which
can be interpreted as linear equations of the form x+ax = b.
They indeed are meant to be abstract problems, since the
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unknown quantity is not a quantity of a specified substance
but a more abstract ”heap” or aha. The solutions of the
equations proceed along the lines of the so called positio
falsi method (the name of course is of much later origin). In
the method, one first gives a guess of the unknown, put it
into the left-hand side of the equation and then makes the
corrections necessary to satisfy the equation.
One problem in the Rhind Papyrus asks for the aha, if aha
and one seventh of aha make 19. Now assuming aha to be
seven, aha and a seventh of it would be 8. But since

19 =
(

2 +
1
4

+
1
8

)
× 8,

the correct answer 16 +
1
2

+
1
8

is obtained by comput-

ing 7 ·
(

2 +
1
4

+
1
8

)
= (1 + 2 + 4) ·

(
2 +

1
4

+
1
8

)
=(

2 +
1
4

+
1
8

)
+
(

4 +
1
2

+
1
4

)
+
(

8 + 1 +
1
2

)
= 16+

1
2

+
1
8
.

The papyrus even contains a proof or check of the correct-
ness of the answer: indeed

16 +
1
2

+
1
8

+
1
7
·
(

16 +
1
2

+
1
8

)
= 19.

Linear equations were the most complicated algebraic prob-
lems treated by the Egyptians. Second or higher degree
equations evidently were neither needed nor mastered.
The Greek historian Herodotus (ca. 484–425 BC) reported
that the Greeks had learned their geometry from the Egyp-
tians, who needed geometry for surveying. Originally the
Pharaoh had given everybody a parcel of land of equal size
and levied a tax on it. But after the flood of the Nile,
the areas of the parcels changed. After that, according to
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Herodotus, the surveyors or geometers or rope-stretchers
measured the lands again to provide a just basis for taxa-
tion. – Judging from the preserved sources, however, the
geometric know-how of the Egyptians was rather scanty.
According to problem number 50 in the Rhind Papyrus, the
area of a circle would have been computed by a process
which would correspond to the rather good approximation
256
81

= 3,16 . . . of π: ”The diameter of a round field is 9 ket .
How large is its area? Take one ninth off the diameter, or
1, then 8 remains. Multiply eight by eight; the result is 64.
So the area is 64 setat .

If π

(
d

2

)2

=
(

8
9
d

)2

, then indeed π =
4 · 64
81

=
256
81

. A

natural explanation for this approximation comes from a
comparison of the circle with a square of side d. If the
square is divided into 9 congruent triangles, it is easy to see

that the area of the circle is not far from
7
9
d2 =

63
81

d2 ≈
64
81

d2 =
(

8d

9

)2

. The Rhind Papyrus contains a few other

approximate ”formulas”. A quadrangle with sides a, b, c,

and d is given the area
a + c

2
× b + d

2
.

There is some indirect evidence from which we might infer
that the Egyptians knew that the areas of similar figures
are in the proportion of the squares of their corresponding
sides. The fact was not formulated or proved. Also, there is
no actual evidence about the Egyptians’ possible knowledge
of the Pythagorean Theorem.
Probably the most astonishing piece of information about
Egyptian geometry is written on the Moscow Papyrus,
which is otherwise is more concise than the Rhind papyrus
and supposed to be two centuries older. The papyrus gives
a calculation for the volume of a truncated pyramid with
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square bases using the correct formula V =
h

3
(a2 +ab+ b2).

(The papyrus contains a profile of a truncated pyramid, the
numbers 4 and 2 as sides of the base squares and 6 as the
altitude, and a computation leading to the correct volume
56.) One can appreciate this result when one comes across

the incorrect formula, V = h × a2 + b2

2
”, based on a gener-

alization of the formula for the area of a trapezium. This
formula sometimes appears even in text-books printed in
the 20th century. – We have to remind ourselves that for-
mulas such as we have given here, were totally unknown in
the times of antiquity. The presentation was verbal, and
computations were performed by concrete numerical values.

3.2 Babylonian mathematics

Among ancient civilizations, mathematics was probably
most developed in Mesopotamia, in what now is Iraq. It
is customary to call this mathematical culture Babylonian,
although the area was inhabited and governed in the time
period of several millennia by other peoples, too. The
Mesopotamian culture can be thought to start with the
Sumerians.

The unifying feature in the Babylonian mathematics and
Mesopotamian culture in general is the cuneiform script.
The wedge form of the writing symbols was produced by
pressing a triangular writing stick obliquely in clay. The
hardened clay tablets are very long-lasting, and thousands
of them have been excavated. Among them, at least three
hundred of mathematical content have been discovered. The
tablets date from three periods: around 2100 BC, in the
years 1800–1600 BC (the time of Hammurabi), and 600 BC
– 300 AD. The most interesting tablets are those of the
second period.
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The Babylonian system of numeration in the interval from
1 to 59 followed the same principles as the hieroglyph num-
bers: 1 and 10 had their own symbols, and these were re-
peated as many times as was necessary. But for larger num-
bers a positional system based on 60 was used. So for ex-
ample 60 was denoted by the symbol for 1, 61 with two
symbols for one. The Babylonian system was a sexagesimal
position system. The system was also applied to numbers
smaller than one. The Babylonian system is still in use in
our division of an hour or a degree into 60 minutes and fur-
ther into seconds. – The origin of the division of the circle
into 360 degrees is less clear. It was used in astronomy in
the last centuries BC. One easy explanation would be the
approximation π ≈ 3. If the radius of the circle is divided
into 60 parts in accordance to the sexagesimal system, the
approximation would yield 360 equal parts for the circle.

Cuneiform numerals

The Babylonian system did not have an equivalent to our
decimal point. This means that written numbers could have
several interpretations. ”22” could be e.g. 2× 60 + 2 = 122,
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2 × 3600 + 2 = 7202 or 2 +
2
60

. A symbol corresponding to
zero was partially used in the last centuries BC. The sym-
bol was only used between numbers, not in the end. – In
modern texts, the sexagesimal numbers are often written
so that the coefficients of different powers of 60 are sep-
arated by commas, and the division between ”ones” and
”sixtieth parts” is denoted by a semicolon. So for instance

2, 35, 11; 17 = 2 × 3600 + 35 × 60 + 11 +
17
60

.

The Babylonian notation is practical, and numerical com-
putations can be performed basically as we do them today.
Several divisions can be reduced to multiplications, because

fractions of the form
1
k

, where k divides 60 (k|60) are simple

sexagesimals (
1
2

= 0; 30,
1
4

= 0; 15,
1
3

= 0; 20,
1
6

= 0; 10,
1
8

= 0; 7, 30 etc.). To make divisions easier, the Babyloni-
ans had at their disposal tables of inverses. These contained

finite sexagesimal approximations of fractions like
1
7

or
1
11

.

The Babylonians developed skilful algorithmic procedures.
For instance, the square root

√
a could be computed by

using the approximation

√
s =

√
n2 + b ≈ n +

b

2n
=

1
2

(
n +

a

n

)
,

where n2 is the largest square on an integer smaller than a.
The approximation amounts to taking the two first terms
of the power series of the square root function. Another
method starts from an approximation a1 of

√
a, and pro-

ceeds by forming b1 =
a

a1
, a2 =

1
2
(a1 + b1), b2 =

a

a2
and

so on. After a few steps, a very exact approximation for√
a is obtained. There is, however, no evidence showing
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that the Babylonians had thought of the idea of an infinite
convergent sequence which is implicit in the algorithm.
The 4000 years old Babylonian texts show that – unlike the
Egyptians – the Babylonians could solve quadratic equa-
tions. The solution formula is not given in the general form,
but numerical examples can be recognized as illustrations of
the general method. The following example is written with
sexagesimals using the convention described above. The
clay tablet asks for the side of a square, provided the area of
the square when the side is subtracted is 14,30. The solution
given in the tablet is as follows:

Take one half of one, or 0;30. Multiply 0;30 by
0;30. This is 0;15. Add this to 14,30. You have
14,30;15. This is the square on 29;30. Add 0;30 to
29;30. The result is 30, and this is the side of the
square.

Clearly we have the quadratic formula for the solution of
the equation x2 − px = q,

x =

√(p

2

)2

+ q +
p

2
with p = 1, q = 870. Another remarkable thing in this
computation is that the different units for area and length
are not given attention, as the computation only takes the
numerical values into account. – Since negative numbers
were not in use, the only types of quadratic equations which
were possible in antiquity were x2 = px + q, x2 + px = q
and x2 + q = px with positive p and q.
We give another example of the Babylonian way to solve
equations, using modern notation. The problem is to deter-
mine x such that x2 +6x = 16. Set y = x+6 We then have
a system of equations {

y − x = 6
xy = 16.
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If y = a + 3 and x = a − 3, the last equation becomes
a2 − 9 = 16, which yields a = 5, x = 2. – The solution of
an equation of the type 7x2 + 6x = 1 was not started by a
division by the coefficient of the square term. Instead, the
equation was multiplied by 7, which yields (7x)2+6×(7x) =

7 or y2 + 6y = 7, which gives y = 1, x =
1
7
.

Babylonian mathematics even contains problems leading to
polynomial equations of degree higher than 2. Such equa-
tions were solved in special cases using tables for n3 + n2.
Even equations of exponential type, such as can appear in
interest problems, were solved using tables.
The character of Babylonian mathematics was mostly al-
gebraic and algorithmic. From geometry, at least the con-
tent of the Pythagorean Theorem was known. One problem
solved in a clay tablet calls for the distance from a wall of the
bottom end of a ladder 30 units long when the top is lowered
by 6 units. The solution

√
302 − (30 − 6)2 =

√
324 = 18

goes by Pythagoras.
A strange evidence for the Babylonians’ knowledge of the
Pythagorean Theorem is arithmetic in character. It is a
widely investigated and interpreted clay tablet known by
the name Plimpton 322 . It contains a table of sexagesimals

1; 59, 0, 15 1, 59 2, 49
1; 56, 56, 58, 14, 50, 6, 15 56, 7 1, 20, 25
1; 55, 7, 41, 15, 33, 45 1, 16, 41 1, 50, 49
1; 53, 10, 29, 32, 52, 16 3, 31, 49 5, 9, 1
. . . . . . . . .

A closer study of the tablet has revealed that the numbers

are triplets (
c2

b2
, a, c) where a2 + b2 = c2 and the triplets

(a, b, c) are so called Pythagorean numbers. These are ob-
tained from the formulas a = p2 − q2, b = 2pq, c = p2 + q2.
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The tablet (a part of which only is reproduced here) con-
tains all such number such that p < 60 and 1 <

p

q
< 1+

√
2,

ordered according to
p2 + q2

2pq
.

The information conveyed by the tablets shows that the
ratio of the circumference and diameter was usually taken as

3, but some texts use the better approximation 3
1
8

(the ratio
of the perimeter of a regular hexagon to the circumference
of the circumscribed circle is 0; 57, 36).
The Old Testament also gives 3 as the value for π, as we
can read in the First Book of Kings, 7:23:
He [Solomon] made the Sea of cast metal, circular in shape,
measuring ten cubits from rim to rim and five cubits high.
It took a line of thirty cubits to measure around it.
For the volume of a truncated pyramid, the Babylonians had
both the correct and incorrect formulas. We should empha-
size that as far as we know, neither the Babylonians nor
the Egyptians ever presented or proved general mathemat-
ical theorems. Their mathematics was (as our engineering
mathematics) a collection of rules for action, not their jus-
tifications.



27

4 The mathematics of Greek antiquity

Mathematics became an independent branch of learning
around 500 BC in the Greek culture. The change from pre-
Greek to Greek mathematics is astonishing, and no quite
credible explanation for this has been given.
The period of Greek mathematics reaches till 400 AD. It
can be divided into the classical period , which terminated
around 300 BC, and the following Hellenistic period. When
we speak about Greek mathematics, we do not mean just
the present or ancient Greece, but a much larger geographic
area which comprises South Italy, Sicily, Asia Minor and
Egypt. Some of the prominent mathematicians evidently
were not Greek by nationality either.
Unlike Babylonian mathematics, Greek mathematics cannot
be studied from original sources. The texts that remain are
copies and copies of copies. Some of them have travelled
roundabout ways: they have been translated from Greek to
Arabic and from Arabic to Western languages.
Our knowledge of the early stages of Greek mathematics is
mostly based on the history of Proclus (410[?]–485 AD),
written almost one thousand years later than the actual
events. Of the much earlier histories of arithmetic and geom-
etry written by Eudemus (ca 320 BC) only a few quotations
by later authors remain. The Greeks wrote on papyrus, and
no original manuscripts by Greek mathematicians have sur-
vived. It is easy to assume that in addition to the known
magnificent mathematical achievements, much fine mathe-
matics has been destroyed. Much of the mathematics pro-
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duced in the first centuries of the Greek period has been
collected in Euclid’s monumental work Stoikheia, The Ele-
ments, written around 300 BC.

The fundamental position of the Greeks in the history of
mathematics is well visible in the etymology of the math-
ematical vocabulary. Words like mathematics, trigonome-
try, logarithm, arithmetic, theorem, tetrahedron, problem,
ellipse, parabola, hyperbola, axiom, analysis all have Greek
origin, although not all were used in ancient times. The list
could be continued almost indefinitely.

4.1 Greek computing

The Greek city-states thrived on commerce. They needed
practical arithmetic. To separate practical computing from
”real” arithmetic, which studies the properties of numbers
(and is now also called theory of numbers), practical com-
puting was called logistics.

The Greeks utilized two different number systems. The
older, the so called Attican of Herodian system was simi-
lar to the Egyptian and Roman ones. One, five, ten, one
hundred, one thousand and ten thousands each had their
own symbols (I = 1, Γ = 5 – not capital gamma but the old
way of writing capital pi, as in penta – ∆ = 10, H = 100
– cf. hectare, X = 1000 – cf. kilo – M = 10000). In the
later, Ionian system each of the numbers 1, 2, . . . , 9, 10,
20, . . . , 90, 100, 200, . . . , 900 corresponded to a letter in
the alphabet (1 = A, 2 = B, 3 = Γ, . . . ; later 1 = α etc.),
numbers 1000, 2000, etc. were denoted by the same letters
as the units, only preceded by a prime (′α), and still larger
numbers were indicated by using the multiplicative symbol
M = 104. To avoid confusion with words, the letters or
combinations of letters denoting numbers were indicated by
a horizontal bar over the letters. In addition to the letters
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we now recognize as Greek letters, a couple of letters which
have now disappeared from the alphabet are used in the
number notation. – Although the Greek alphabet largely
is adapted from the Phoenician one, the idea of denoting
numbers by letters is purely Greek.

Ionian numbers

The Ionian notation survived in scientific use in the Western
world all through the Middle Ages, long after the Indian-
Arabic number system was generally adopted. – The Ionian
system did not comprise fractions. Unit fractions, however,
were denoted by combining the symbol for the denominator
by a special fraction symbol, and later it became customary
to denote fractions by the sexagesimal notation (minutes
and seconds).

4.2 Thales – the beginnings of Greek mathe-
matics

According to tradition, the first Greek mathematician
known by a name (and in fact the first mathematician
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altogether) was the merchant Thales (624[?]–547[?] BC)
from Miletus, the most important Greek city in Asia Minor.
Thales was one of the tradition’s Seven Sages of Greece. He
was said to have acquired his learning from Egypt. Tradi-
tion attributes the following five theorems of geometry to
him. – The word theorem as well as theory and theatre go
back to the Greek word meaning ’looking at’.

1. The base angles of an isosceles triangle are
equal.
2. Vertical angles are equal.
3. Two triangles with two pairs of equal angles and
an equal side between them are equal.
4. Every diameter of a circle divides it into two
equal parts.
5. The angle included in a semi-circle is a right
angle.

In particular the last of these theorems is still known as
Thales’ Theorem.

One has to observe a fundamental difference between the ge-
ometry of Thales and that of the Egyptians or Babylonians:
Thales formulated general statements concerning the prop-
erties of figures while the latter gave numerical solutions
to certain explicitly formulated problems. It is not clear
what actually means that Thales proved his statements. Ev-
idently this must indicate that he presented some rational
arguments to support his claims.

4.3 Pythagoras and Pythagorean mathemat-
ics

Pythagoras (572[?]–497 BC), born on the island Samos,
was about half a century younger than Thales. Like
him, Pythagoras also is a half-mythical person. The
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mathematical-mystical school Pythagoras founded in Cro-
tone, in the South of Italy, or Magna Graecia, was signifi-
cant in the development of mathematics into an independent
field of knowledge. The word mathematics, or µαθηµα with
its derivations is supposed to have been introduced by the
Pythagoreans, and its original meaning is ”the things that
have to be learned”. The curriculum in which geometry,
arithmetic, astronomy and music – later known by the Latin
name quadrivium – were in a central position, was adopted
by the Pythagoreans. (One might note that the word trivial
originally comes from trivium, ”three roads”, the first three
non-mathematical subjects, grammar, rhetoric and logic, in
the collection of the seven liberal arts.)
The symbol of the Pythagoreans in mathematics and phi-
losophy was the pentagram, the five-pointed star formed by
the diagonals of a regular pentagon, and whose interior do-
main again is a regular pentagon. There are speculations
that the symbol and its geometry have had an influence in
the invention of incommensurability.
The Pythagoreans did not leave written sources – the broth-
erhood transferred knowledge orally and tried to conceal its
information from outsiders. It is safer to attribute pieces of
knowledge to the Pythagoreans than to Pythagoras himself.
The central entity in the Pythagorean mathematics and phi-
losophy was (natural) number. In this sense we can con-
sider the Pythagoreans as a continuation of the Babylonian
arithmetic-algebraic tradition. Many concepts, not only in
number mysticism but also in the classification of numbers
have their origin in Pythagorean mathematics. One of these
is the division even and odd numbers. One should note that
being even or odd is not so self-evident a property when one
uses the Greek way of writing numbers. One and some-
times also two were not considered to be numbers in the
same sense as we now do. The classification was refined, for
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instance, by a division, based on the factors of the number,
into numbers which were called even-even, odd-odd, odd-
even. The interesting distinction prime number – composite
number is Pythagorean, too. Prime numbers were known
as linear numbers, while composite numbers were planar
numbers.
The division of numbers in perfect, deficient and abundant
is old, too, although it cannot be directly connected to the
Pythagoreans. A number is deficient, if the sum of its fac-
tors, (1 included, but the number itself not), is less than the
number itself. (1+2+4 < 8), perfect, if the sum equals the
number (1 + 2 + 3 = 6), and abundant, if the sum exceeds
the number (1 + 2 + 4 + 6 > 12). In the times of antiquity,
only four perfect numbers were known: 6, 28, 496 and 8128.
It was also known that if 2p − 1 is a prime number, then
2p−1(2p−1) is a perfect number. – Euler proved in the 18th
century that all perfect numbers are of this form. Prime
numbers of the form 2p − 1 are called Mersenne primes.
Since the advent of computers, several times a new ”largest
known prime” record has been achieved in testing the pri-
mality of candidates for Mersenne primes.
A concept close to the perfectness of a number is that of
amicable numbers: m and n are amicable, if m is the sum of
the divisors of n and vice versa. The pair m = 284, n = 220
is an example of numbers of this kind.
A typical product of the Pythagoreans is the theory of fig-
urate numbers. The basic idea is attaching numbers to
certain kinds of figures. Concrete experiments done with
counting stones, abaci , may well have been the impetus to
investigate the general properties of such numbers. Figura-
tive numbers comprise triangular numbers 1, 3, 6, . . . ,

∗ ∗
∗ ∗

∗
∗ ∗
∗ ∗ ∗

. . .
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square numbers 1, 4, 9, . . . ,

∗ ∗ ∗
∗ ∗

∗ ∗ ∗
∗ ∗ ∗
∗ ∗ ∗

. . .

pentagonal numbers 1, 5, 12, . . .

∗
∗

∗ ∗
∗ ∗

∗
∗ ∗

∗ ∗ ∗
∗ ∗ ∗

∗ ∗ ∗

. . .

and oblong numbers 2, 6, 12, 20, . . . . In general, the first
n-gonal number is 1 and the second is n. If the k:th number
m(n, k) is represented by a regular n-gon and the m(n, k)
points in it, the k+1:st number is obtained by extending two
sides of the n-gon by 1

k
:th part of their length, completing

the figure to a regular n-gon and adding points to the new
sides so that all the sides contain the same number of points.
The points added in the process produce a gnomon, a fig-
ure representing the difference of two consecutive n-gonal
numbers. (In the sciences of the antiquity, gnomon appears
in different contexts. It can be the pointer in the sundial
which produces the shadow, it can be the carpenter’s square
or the part of a parallelogram left over when a smaller simi-
lar parallelogram is cut off.) By considering the figures, and
the gnomons in particular, several number identities can be
perceived, for instance

1 + 3 + 5 + · · · + (2n − 1) = n2

or
2 · (1 + 2 + 3 + · · · + n) = n(n + 1)

(two n:th triangular numbers form the oblong number n(n+
1)) or that a square number is the sum of two consecutive
triangular numbers.
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The notions arithmetic, geometric and harmonic mean orig-
inate with the Pythagoreans. They were led to these con-
structions evidently by considering number relations ap-
pearing in music. The Pythagoreans noticed that pitch pro-
duced by a strained string depended on the length of the
string. The fact that b is the arithmetic, geometric or har-
monic mean of a and c, respectively, can be characterized
by the equations

c − b

b − a
=

a

a
,

c − b

b − a
=

b

a
,

c − b

b − a
=

c

a
.

The harmonic mean of two strings differing from each other
by an octave produces a note which is a perfect fifth higher
than the lower of the two original notes. That the musi-
cal harmony of these three notes makes the number triple
(6, 8, 12) itself harmonic. One consequence of this is that
a cube is a harmonic solid: it has 6 sides, 8 vertices and 12
edges.
The Pythagoreans defined altogether ten different means b
for a and c by varying their positions in equations of the
type listed above.
In geometry, the result most likely attributable to the
Pythagoreans is the theorem of the angle sum of a trian-
gle.
The origin of the Theorem of Pythagoras in Greek geometry
is unclear. The assumption that the theorem in fact goes
back to Pythagoras himself is at least difficult to disprove.
The simple proof of the theorem which utilizes the similar
triangles produced by the altitude on the hypotenuse might
be the original one: if x and y are the projections of the legs
a and b on the hypotenuse c, then

c = x + y =
a2

c
+

b2

c
,
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from which c2 = a2 + b2. This proof, however, assumes the
theory of proportions, which turned out to be problematic.
Euclid then gives a proof of the theorem based on a clever
auxiliary construction which reduces the proof to the fact
that triangles with equal bases and altitudes are equal in
area.

Euclid’s proof of the Pythagorean theorem

There are assumptions that Pythagoras might have arrived
at his theorem from the observation that a triangle with
sides 5, 4, 3 is a right triangle; the proof may have been
the one given above or some cutting of a square into right
triangles and squares.

4.4 Incommensurability

The Pythagorean system, based on integers, inevitably led
to a theory of proportions which was based on commen-
surable quantities. Geometric quantities were compared in
terms of the numbers they possessed when measured with a
common yardstick. The system experienced a serious crisis
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with the observation that several simple pairs of line seg-
ments, say the side and diagonal of a square or the parts of
a segment divided in continued proportion, where not com-
mensurable. This happened probably in the fifth century
BC, but after the death of Pythagoras himself. Tradition
attributes the invention of incommensurability to Hippasus
of Metaponto. The year is supposed to be 430 BC

The Pythagoreans possibly knew the well-known indirect
proof of the irrationality of the number

√
2, based on simple

divisibility properties. (Assume
√

2 =
p

q
where p and q are

relatively prime. Then p2 = 2q2, whence p2 and p are even;
then 4 divides p2 and 2q2 which means that q is even, and
p and q are not relatively prime.) in contradiction to the
assumption made of p and q. At least Euclid presents it
in the Stoicheia. The proof combined with the theorem of
Pythagoras immediately shows the incommensurability of
the side and diagonal of a square.

Another road to incommensurable segments goes via the
pentagram. Assume the side of a regular pentagon to be a
and its diagonal d. By considering the isosceles triangles in

the pentagram, one easily derives the relation
d

a
=

a

d − a
.

The side of the pentagon is the longer one of the parts
obtained when the diagonal of the pentagon is divided in
continued proportion. One can repeat the division: if the
smaller part, d − a, of the diagonal is subtracted from the
side, the remaining part a−(d−a) = 2a−d is to d−a as d−a
is to a etc. Now if a and d are multiples of a segment m, so
are d−a, 2a−d etc. But in the divisions, the parts become
smaller and smaller, finally even smaller than m. We have
arrived at a contradiction. – The preceding proofs both are
indirect. Proof by contradiction is one of the characteristic
features of Greek mathematics.
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The invention of incommensurability and the subsequent
observation that geometric relations cannot be expressed
by numerical ratios only, gave rise to a shift of the centre of
gravity of mathematics towards geometry. Problems which
had been solved by calculations had to be solved by syn-
thetic methods, using figures of the same dimension. One
consequence of this is the habit, still in use, to call the second
and third power of a number its square and cube, respec-
tively.

Geometric solution of a quadratic equation

Problems equivalent to a quadratic equation could not be
solved – as the Babylonians did – by the algorithm, but by a
geometric construction corresponding to the algorithm. One
such construction is the one called application of area. The
problem is to construct a rectangle with a given base and
area exceeding or being under the area of a given square by a
square whose side will equal the altitude of the rectangle. In
algebraic notation, the problem is ax ± x2 = b2. A simple
geometric construction to solve the problem is as follows:
Draw AB = a. Let C be the midpoint of AB. Let O be on
the perpendicular bisector of AB such that CO = b. Draw
a circle with centre O and radius

a

2
. The circle intersects
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the half-line CB at D. Now DB = x, for if we draw the
square DBEF , the area of the rectangle ADFG equals(

a

2
+

√(a

2

)2

− b2

)(
a

2
−
√(a

2

)2

− b2

)
= b2.

If D lies on the segment CB, we have ax = b2 + x2, and if
D lies on the extension of CB, then b2 = ax + x2.
Some historians consider the history of science as a step-
wise progress rather than a sequence of small advancements.
They call the invention of incommensurability the first great
crisis of mathematics.

4.5 The three great problems of antiquity

The earliest Greek mathematical text which has been pre-
served to us almost in its original shape is the determination
of the area of two circular domains associated to the sides
of a right triangle. The text was written by Hippocrates of
Chios around 430 BC. (This Hippocrates is not Hippocrates
of Kos, known as the Father of Medicine), and the domain
is called the lunes of Hippocrates.
Assume the legs of a right triangle to be a and b, and c the
hypotenuse. Then semi-circles with the sides as diagonals
have areas kc2, ka2 and kb2, where k is a proportionality

coefficient (of course, k =
1
2
π). If the area of the two smaller

circles lying outside the largest one equals X, and the area of
the right triangle is T , we have two ways to express the total
area of the figure: X + kc2 = ka2 + kb2 + T . An immediate
consequence of the Pythagorean Theorem is X = T .
Hippocrates is supposed to have tried to apply the same idea
to the determination of the area of the circle as follows. We
consider a regular hexagon with side r and area Y inscribed
in a circle of radius r. We then draw six circles with the
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sides of the hexagon as diagonals to produce a domain of

the shape of gingerbread. Its area is Y + 6k
(r

2

)2

and also

kr2 +6X where X is the area of the lune determined by the
big circle and any of the small semicircles. If X is known,
then the coefficient k or in fact the area of the circle can be
determined. But there remains the problem of X: it cannot
be determined as easily as in the case of a right triangle.
– Trigonometric considerations show that the squaring of a
lune can be done if and only if ratio of the central angles of

the two circular arcs bounding the lunes is 2, 3,
3
2
, 5, or

5
3
.

The first one to give a complete proof of this was the Finn
Martin Wallenius (1731–73), professor of mathematics at
Academia Aboensis in Turku.

The determination of the area of a circle or the problem
of squaring the circle is one the Three Great Mathematical
Problems of Antiquity. Their study goes back to the fifth
century BC. The other two are the trisection of an angle and
the duplication of a cube. The aim was to solve the problems
by purely geometric constructions, using a straightedge and
compasses – the so called Euclidean tools – only. It was not
before the 19th century that definite proofs of the impos-
sibility of all these problems were given. The impossibility
of the squaring of the circle is reduced to the fact that π is
a transcendental number (proved by the German Ferdinand
von Lindeman (1852- -1939) in 1882). The impossibility of
angle trisection and the cube duplication both reduce to the
fact that construction with a straightedge and compasses
can only produce points whose coordinates are expressions
containing only rational operations and square root extrac-
tions applied on the original data. The two problems, on
the other hand, lead to equations of degree three. Means
developed in the first half of the 19th century show that
solutions of such equations usually require more complex
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operations. An exact proof of the impossibility of the tri-
section of an angle and the impossibility of the duplication
of a cube using Euclidean tools only was given by the French
Pierre Wantzell (1814–48) in 1837. – The trisection prob-
lem still intrigues people, and university math departments
still receive proposed ”solutions”.
The three great problems of antiquity are typical problems
of pure mathematics: they seem to have nothing in common
with everyday needs. Although the labours of 22 centuries
in the end proved that the problems are insolvable in their
original sense, the tools developed in the course of the so-
lution attempts have been useful for mathematics. Already
in the times of antiquity, Menaechmus (380[?]–320[?] BC)
for instance was lead to consider conic sections when trying
to duplicate the cube, and Hippias (around 425 BC) in-
troduced a transcendental curve connected to the trisection
problem.
The curve of Hippias, the trisectrix or quadratrix , can be
imagined to be generated as the locus of the intersection
of a radius of a circle, rotating around the centre of the
circle with a constant angular velocity, and a line segment,
moving at a constant speed while retaining its direction.
To be more specific, assume the radius of a unit circle with
centre at the origin start so that its other end is at the point
(1, 0) and turn around the origin at a constant speed to a
vertical position, with one end at the point (0, 1). At the
same time, a unit segment from the origin to (1, 0) raises
to the position where its end points are (0, 1) and (1, 1).
The intersection of the radius and the segment then traces
the trisectrix. Using modern notation, the equation of the
trisectrix would be

y = x tan
πy

2
.

If we have the trisectrix at our disposal, the trisection of
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any angle or its division in any ratio is simple. Just place
an angle ∠ABC = α so that B is the origin and OB is
the positive x-axis. If BC meets the trisectrix at P0 =

(x0, y0), the line y =
1
3
y0 will meet the trisectrix at P1 so

that ∠ABP1 =
1
3
α.

Because
lim
y→0

y

tan
πy

2

=
2
π

,

the trisectrix will cut the x-axis at a point whose distance
from the origin is the inverse of the length of the quadrant
of a circle of radius 1. This information can be used in the
construction of a square of the size of the circle. – This
observation was not made by Hippias but by Dinostratos,
brother of Menaechmus.
The trisection problem was also solved by methods called
neusis. In neusis, one tried to ”slide” a line segment of given
length to a position, which in itself could not be determined
by a straight edge and compasses. Archimedes gave the
following simple trisection construction: Let an angle AOB,
where AO = OB = r, be given. Draw a circle of radius r and
centre O and draw a line through A so that the line meets
the circle also at D and the line BO at C; moreover, draw
the line so that CD = r (this is the neusis). The isosceles
triangles DCO and DOA immediately give ∠AOB = 3 ·
∠ACB.
In antiquity, the cube duplication problem was also known
as the Delian problem. According to legend, the island Delos
was suffering of a pest, and the people there consulted an
oracle for advice. The oracle asked the Delians to double
the cubical altar in the temple of Apollon. The epidemic
continued in spite of the new altar stone whose dimensions
were doubled from the original one. After that, the Delians
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turned to Plato, and mathematicians in Plato’s circle tried
to solve the problem.
The duplication of a square, i.e. the equation x2 = 2a2, can
be solved by constructing the mean proportional of a and
2a:

2a

x
=

x

a
.

Hippocrates (who lived much earlier than Plato!) discovered
that the duplication of cube can be similarly performed by
two determinations of a middle proportional: if

a

x
=

x

y
=

y

2a
,

then
a3

x3
=

a

x
· x

y
· y

2a
=

1
2
.

Menaechmus on the other hand showed that the Hip-
pocratean solution could be reduced to finding the common

point of a parabola (in modern notation, y =
1
2
x2) and

hyperbola (in modern notation xy = a).

4.6 The paradoxes of Zeno

In the development of Greek mathematics, a role compara-
ble to the discovery of incommensurability was played by a
set of paradoxes discovered by Zeno of Elea (ca. 450 BC).
The paradoxes dichotomy, Achilles and the tortoise, arrow
and stadium concerned movement, time and infinity. If one
traverses the distance from 0 to 1, one has to pass the points
1/2, 1/4, etc. One cannot visit an infinite number of points
in a finite time. So movement is not possible. Achilles can
only reach the tortoise after passing the point where the tor-
toise was at the start, and after passing the point where the
tortoise was when Achilles was in the point just mentioned
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etc. So Achilles always stays behind the tortoise. A flying
arrow always is at some definite place. So it cannot move.
Assume we have three rows of things:

A A A A
B B B B

C C C C

If the A’s stay where they are, the B’s move to the right so
that in the shortest possible instant the B’s move just one
position compared to the A’s and the C’s move to the left
in a similar fashion, then the instant in which the B’s and
C’s move just one position compared to each other has to
be shorter still. So there is no shortest interval of time.

The paradoxes of Zeno show that if time and space
are regarded as discrete – and this was inherent in the
Pythagorean conception based in integers – problems arise.
Aristotle (384–322 BC) rejected the paradoxes by introduc-
ing by introducing the difference of a number and a quan-
tity . A quantity in infinitely divisible. Aristotle’s philoso-
phy treats the concept of infinity. His opinion was that the
so called actual infinity does not exist, but potential infinity
is a reality. A straight line needs not be infinite. The possi-
bility of extending it as far as is needed is sufficient. – The
problems inherent in the paradoxes of Zeno became relevant
again with the advent of modern mathematical analysis.

4.7 Exhaustion method and the theory of pro-
portions

The philosopher Plato (429–347 BC) was not a mathemati-
cian, but several mathematicians, among them Menaech-
mus, were connected to his school, the Academy, which was
started around 387 BC. According to legend, the inscription
AΓEΩMETRHTOΣ MH∆EIΣ EIΣITΩ, ”no entry for those
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not acquainted with geometry” was hung above the gate of
the Academy.
Plato himself had been in touch with the Pythagoreans in
Sicily. The philosopher leaders of his ideal state were sup-
posed to have a mathematical schooling. Plato’s own philo-
sophical texts are first writings containing instalments on
the foundations of mathematics and allusions to the deduc-
tive structure of mathematics. – Plato’s State gives 5040 as
the most appropriate number of inhabitants of a state, be-
cause it is the product of 12, 21 and 20, because its twelfth
part is divisible by 12 and because it is divisible by all num-
bers from 1 to 12 (except 11; but 11 is a factor of 5 038).
The most important mathematician in Plato’s circle is Eu-
doxos of Knidos (408[?]–355 BC). He established the theory
of proportions of incommensurable quantities on a logically
sound basis by the following definition. If A, B, C and D
are quantities of the same kind (lengths, areas etc.), the
equality A : B = C : D holds if and only if every pair of
natural numbers m, n satisfies exactly one of the following
three relations:

mA < nB and mC < nD,

mA = nB and mC = nD,

mA > nB and mC > nD.

One way of interpreting this is to say that two ”irrational”
proportions are equal, if every rational proportion which is
smaller than one of the irrational proportions is also smaller
than the other irrational proportion, but unequal, if there
is a rational proportion which is larger than one of the ir-
rational proportions but smaller than the other. The defi-
nition of Eudoxos comes very close to the more than 2000
years later definition of a real number as a so called Dedekind
cut of the set of rational numbers!
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Another remarkable discovery of Eudoxos was the so called
method of exhaustion for determining areas or volumes or
for proving their equality. The crucial observation leading
to the method is the following fact, close to the concept of
limit: Let two quantities, A and B be given. If a quantity
larger than A/2 is deducted from A, if more than half of
what is remaining is again deducted and so on, one finally
reaches a state where the remaining quantity is less than B.

The method of exhaustion allows one to formulate indirect
proofs for statements concerning measures of curved figures
and determine areas or volumes without actually resorting
to limits or similar infinite processes.

For instance the theorem ”The areas of circles are to each
other as the squares of their radii” can be indirectly proved
using the method of exhaustion by comparing the areas of
the circles to areas of their inscribed regular polygons, whose
areas are known to be to each other as the squares of their
sides or other corresponding line segments.

Let A1 and A2 be the areas of two circles of radius r1

and r2, respectively. Assume A1 >

(
r1

r2

)2

A2 and set

B = A1 −
(

r1

r2

)2

A2. Consider the difference of A1 and

the area of an inscribed regular k-gon. The difference is the
area of k segments of the circle. If now the k-gon is replaced
by a regular 2k-gon, the difference is diminished by exactly
one half of the sum of the areas of k rectangles, whose side
lengths are the side length of the k-gon and the altitude of
the segment. As the segments are contained in the rectan-
gles, the difference of the area of the circle and the inscribed
polygon is diminished by more than half. The exhaustion
condition is fulfilled, which means that there exists an in-
scribed k-gon of area A1k such that A1 − A1k < B. Let
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A2k be the area of the corresponding k-gon inscribed in the

other circle. Then A1k =
(

r1

r2

)2

A2k and A2k < A2. We

end up with the contradiction

B = A1 −
(

r1

r2

)2

A2 < B + A1k −
(

r1

r2

)2

A2

< B + A1k −
(

r1

r2

)2

A2k = B.

A similar contradiction can be deduced from the assumption

A1 < (r1/r2)2A2. So the only possibility is
A1

A2
=

r2
1

r2
2

.

The exhaustion considerations of Eudoxos are predecessors
of the integral calculus. The exhaustion proofs are usu-
ally very complicated. To prove the equality of two magni-
tudes, two indirect proofs, one for each possible inequality,
are needed.
Besides being a first rate mathematician, Eudoxos was an
outstanding astronomer. He sketched a model of the heav-
ens based on 27 spheres rotating at different speeds. The
model explained the observed motions of the heavenly bod-
ies with reasonable exactness.

4.8 Euclid and The Elements

Around 300 BC Ptolemaios I , who succeeded Alexander the
Great as ruler of Egypt, established in Alexandria an insti-
tute called Museion. In a sense it was the first university.
The Museion was divided in four departments, one for lit-
erature, one for mathematics, one for astronomy and one
for medicine. The first representative of mathematics in
the Museion was Euclid (365[?]–300[?] BC). It is assumed
that Euclid had received his schooling at the Academy of
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Plato, but next to no information survives of his life. The
most famous work of Euclid is Stoikheia, or The Elements.
The Elements is probably the most successful scientific work
ever composed. It was circulated in innumerable manuscript
copies (naturally containing errors as well as improvements
or attempts of improvements) and translations, and starting
from 1482 it was printed in well over a thousand versions.
It was a standard textbook at schools in several countries
up to the 19th century. – Similar general expositions of
mathematics had been written already before Euclid. Hip-
pocrates, for instance, is credited for having written a work
called The Elements, but it has not survived.

The Elements is divided into 13 ”books”. It contains al-
together 465 propositions or theorems, and they constitute
a general review of all the mathematics preceding Euclid.
The contents of the book largely come from earlier authors.

Book I of The Elements commences with a number of def-
initions for geometrical concepts. Then five Postulates and
five Axioms follow.

The Postulates are specific to geometry:

1. It is possible to draw a straight line from any point to
any point.

2. It is possible to extend any line segment to a straight
line.

3. It is possible to draw a circle with any point as the
centre and any distance of the centre from the circum-
ference.

4. All right angles are equal.
5. If a straight line cuts two other straight lines so that

the angles formed on one side of the line between the
two lines are together less than two right angles, then
the two lines, when extended, intersect on that side of
the first line where the two mentioned angles, together
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less than two right angles, are.

The Axioms, on the other hand, express universal, logical
truths:

1. Things, both equal to a thing, are equal to each other.
2. If equals are added to equals, the wholes are equal.
3. If equals are subtracted from equals, the remainders are

equal.
4. Thing that are the same, are equal.
5. A whole is more than its part.

The propositions in book I deal with the basic properties of
triangles, polygons and parallel lines. The fifth proposition
is known as Pons Asinorum, Bridge of Asses. In it Euclid
proves the equality of the base angles of an isosceles triangle
in a clever way, evidently challenging for a beginner. Book II
presents the Greek geometric algebra, among other things
the geometric solution of a quadratic equation. Book III
deals with circles. An interesting point is the treatment of
the ”angle” between the circle and its tangent line. Polygons
inscribed in a circle and circumscribed around it are the
subject matter of Book IV. The theory of Proportions by
Eudoxos is presented in book V. Proportions are needed in
Book VI on similarity of figures.

Besides the axiomatic treatment o elementary geometry,
The Elements contains in Books VII, VIII and IX much
arithmetic, which is of Pythagorean origin.

For instance the Euclidean algorithm for finding the great-
est common factor of two numbers or the greatest common
measure of two quantities is presented. The common factors
of the numbers a and b are also factors of the remainder r1 in
the division equation a = q1b+r1 as well as in the remainder
r2 of the division equation b = q2r1 + r2 and so on. Because
b > r1 > r2 > . . ., one of the remainders is the smallest pos-
itive remainder. Its factors are exactly the common factors
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of a and b. If a and b are any quantities, say line segments,
the Euclidean algorithm will stop after a finite number of
steps if and only if a and b are commensurable.

The beautiful classic proof of the infinity of the primes
seems to be Euclid’s own insight. For any finite collection
{p1, p2, . . . , pk} of prime numbers, a number which has all
the members as factors can be chosen. One such number
is the product of the primes in the collection: p1p2 · · · pk.
If one is added to such a number an integer having other
factors than the ones in the collection is obtained. For in-
stance, p1p2 · · · pk+1 is either a prime itself or it has a prime
factor different from p1, p2, . . . pk.

The most extensive of the books in The Elements is Book
X, which is devoted to a classification of quantities of the

form
√√

a ±√
b. The last books deal with solid geometry

and the method of exhaustion. They climax in the proof
of the existence of exactly five regular solids, the so called
Platonic solids and the computations of their volumes.

In addition to its subject matter, the significance of The
Elements is in the deductive representation of it. All theo-
rems are deduced either directly or indirectly from the ax-
ioms and postulates. The origins of the axiomatic-deductive
method as a general way to present knowledge go back to
Aristotle. Euclid’s deductions are not always flawless: later
thinkers have discovered gaps and errors, but the axiomatic-
deductive method itself has become the standard and estab-
lished way of presenting mathematical knowledge.

Euclid’s fifth postulate, the Parallel Axiom would receive a
special significance in the two millennia after Euclid. It is
not at all as straightforwardly true as the other postulates.
many mathematicians tried to deduce the parallel postu-
late from the other axioms. It was only in the 19th century
that these attempts were shown to be impossible, while con-
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structing so called non-Euclidean geometries in which the
Parallel Axiom is replaced by some other assumption on the
parallelism of lines.

4.9 Archimedes

Archimedes (287[?]–212 BC) is generally regarded as the
most talented mathematician and scientist of antiquity. He
worked in Syracuse, Sicily, but most likely he had studied in
Alexandria. Most of the stories about Archimedes techno-
logical innovations relate to the siege and conquest of Syra-
cuse in the Second Punic War between Rome and Carthage.
Although the fame of Archimedes rests mostly on his accom-
plishments in technology and physics, the story of his death
tells that he was busy with mathematics even at the mo-
ment of his violent death at the sword of a Roman soldier.
His last words were, according to the legend, ”do not dis-
turb my circles” ”noli turbare circulos meos”, and they have
become an idiom.

Archimedes was the first thinker to develop rational phys-
ical principles: he discovered the law of the lever (”give
me a fixed point, and I shall move the Earth”) and the
Archimedean principle in hydrostatics (the buoyancy of a
floating body equals the weight of the water displaced by the
body). One of the best-known legends about Archimedes is
his yelling heureka after realizing the principle.

In mathematics, Archimedes worked on many subjects, but
from the modern point of view his most important achieve-
ments are in what would now be called integral calculus.
He gave an exact proof, using the exhaustion method, for
the fact that the area of the circle is on half of the product
of its radius and circumference, he computed the areas of a
segment of a parabola, an ellipse; the volume and surface
area of the sphere, volumes of rotational solids, centres of
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gravity of various figures and solids, approximations to the
length of the circumference of a circle, as for instance the
bounds

3
284 1

4

2017 1
4

< π < 3
667 1

2

4673 1
2

,

which he simplified to the form 3 10
71

< π < 3 1
7
. The bounds

he obtained from computations of the lengths of the circum-
ference of a regular 96-gon.
The proofs in the survived writings of Archimedes are all
made using the complicated exhaustion method. In 1906,
however, a manuscript was found containing a letter from
Archimedes to Eratosthenes (276[?]–196[?] BC); well-known
for instance of the Sieve of Erastothenes by which one can
produce all the prime numbers, and for the reasonably ac-
curate determination of the size of the Earth. The letter,
now known as the Method gives a straightforward infinites-
imal way for computing areas and volumes. Archimedes di-
vides the area to be computed into line segments which are
compared with line segments of a known area using a kind
of virtual scales with unequal arms. This method which
resembles integral calculus enabled Archimedes to quickly
determine for instance areas bounded by arcs of a parabola.
But since the method was not logically satisfactory – infi-
nite sums of infinitely small magnitudes – he confirmed the
results by rigorous exhaustion proofs.
The weighing idea of Archimedes can be considered in the
following, slightly modernized example. We wish to com-
pute ∫ 0

−1

x2 dx

or the area bounded by the parabola y = x2, the line x = −1
and the x-axis. We cut the are in infinitesimal strips of
height x2, and place them, one at a time, on the x-axis at
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the point (−1, 0). If the equilibrium point of the scales is
the origin, such a strip balances a strip of height x at the
point (x, 0). The entire area A, placed at the point (−1, 0),
will then balance a triangle bounded by the lines y = x,
x = 1 and y = 0. The area of the triangle is 1

2 , and the
x-coordinate of its centre of gravity is 2

3
. The equation of

balance for the centres of gravity then is

A · 1 =
1
2
· 2
3
,

whence A =
1
3
.

The Archimedean computation of the area of a segment of
the parabola by the method of exhaustion goes, in modern
notation, as follows. We compute the area S bounded by
the parabola y = x2 and the lines y = 1, x = 0. It can
be exhausted by triangles ∆1, with vertices (0, 0), (1, 1)
and (0, 1), ∆2, with vertices (0, 0), (1/2, 1/4) and (1, 1),
∆31 and ∆32, with vertices (0, 0), (1/4, 1/16), (1/2, 1/4)

and (1/2, 1/4), (3/4, 9/16), (1, 1) etc. The area of ∆1 is
1
2
.

The line x =
1
2

divides the triangle ∆2 in two triangles with

a common base of length 1/4 and a common altitude 1/2.
Both triangles thus have area 1/16, and the area of ∆2 is
1/8. In an similar way we see that the common area of the
triangles ∆31 and ∆32 is 1/32. After n steps the common
area of the triangles is

1
2

+
1
8

+ · · · + 1
2 · 4n

.

In each step, the new triangles cover more than half of the
area between the previous triangles and the parabola. This
means that the assumptions S < 2/3 and S > 2/3 both lead
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to a contradiction. (Archimedes could use the relationship
now known as the formula of the sum of a finite geometric
progression; it was already known to Euclid.)
The Spiral of Archimedes is a transcendental curve which is
generated by a point moving with constant velocity along
a line which rotates with a constant angular velocity. Thus
an equation of the spiral in polar coordinates is r = aφ.
Archimedes determined lengths of tangents of the spiral as
well as areas bounded by the spiral and radius vectors.
Archimedes himself was especially fond of his determination
of the volume of the sphere. He wished to have an illustra-
tion of a sphere, cone and cylinder in his tombstone. If a
sphere of radius r is placed inside a cylinder of radius r and
altitude 2r, and in the same figure a circular straight cone
of altitude r and base radius r is added, with bases of the
cone and the cylinder coinciding, then a plane perpendicu-
lar to the axes of the cone and the cylinder and at distance
x from the centre of the sphere, cuts a circle of radius r
from the cylinder, a circle of radius x from the cone and a
circle of radius

√
r2 − x2 from the sphere. Since the area

of the circle is proportional to the square of the radius, the
common area of the circles cut from the cone and the sphere
is πx2 + π(r2 − x2) = πr2 (we denote the coefficient of pro-
portionality by π). The circles cut from the sphere and the
cone thus balance the circles cut from the cylinder. The
hemisphere and the cone thus equal in volume the cylinder
of altitude r. Knowledge of the volume of the cone thus en-
ables one to compute the volume of the sphere as 2/3 of the
volume of the cylinder. The determination of the volume of
the sphere is thus reduced to the problem of squaring the
circle.
One of the achievements of Archimedes was a system of no-
tation for very large numbers. Archimedes demonstrated it
by a fantastic computation of the number of grains of sand
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needed to fill the universe (the result was 1063). Archimedes’
system brought him close to the principle of logarithms:
multiplication of numbers corresponds to the addition of
exponents. Archimedes noted that the numbers from 1 to a
myriad of myriads, i.e. 108 can be named. They constitute
the first class. The second class consists of numbers from
108 +1 to 1016 etc., until the number P = 108·108

closes the
first period . The largest number in the second period is P 2;
the construction goes on until one reaches the P :th period,
whose largest number is P 108

. The system of Archimedes
enables one to name all numbers which in the decimal sys-
tem can be written by at most 8 · 1016 digits. – The so
called Cattle Problem is also attributed to Archimedes. It is
a slightly vaguely formulated system of equations in whole
numbers which according to one interpretation reduces to
the equation x2 − 4729494y2 = 1. The solutions of the
equation are very large numbers: to write them in decimal
notation, several hundreds of thousands of digits are needed.

4.10 Apollonius and conic sections

The study of curves appearing as intersections of a plane and
a circular cone was started by Menaechmus. The theory was
brought to completion by Apollonius of Perga (260[?]–170
BC). Apollonius had studied in Alexandria. His treatise
Konica, The Conics, contained in its eight parts essentially
the same information as the standard analytic geometry cur-
riculum of modern days: the diameters, tangents, normals,
intersections and asymptotes. The presentation is pure syn-
thetic geometry, however. Apollonius did not know or allow
coordinates or other computational devices. The familiar
names ellipse, parabola and hyperbola were introduced by
Apollonius. The can be understood by comparing the equa-
tion y2 = px of a parabola (”to be compared with each
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other”) to the equations

y2 = px ± p

d
x2

of a hyperbola (”exceeds”) and an ellipse (”deficient”). The
conic sections were originally thought to be intersections of
straight circular cones by planes perpendicular to the gen-
eratrices of the cone. The ellipse, parabola and hyperbola
then corresponded to cones with an acute, right or oblique
apex angle. Apollonius used general cones and planes.

Cone and plane

To see that the cone and plane construction indeed creates
the curves we now are familiar with as curves whose equa-
tions are quadratics, let A be the apex of a circular cone
and let BC be a diameter of the base circle. Cut the cone
by a plane τ not parallel to the base plane. Let τ meet the
line BC at T outside the segment BC, and the lines AB
and AC at the points Q and R, respectively. Let P be an
arbitrary point on the intersection of the plane and cone.
Assume the perpendicular to QR through P meets QR at
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H and the cone again at S. Now set through the line PS
a plane parallel to the base of the cone. It cuts the cone
along a circle and meets the lines AB and AC at the points
D and E, respectively. Similar triangles immediately yield

HD

HQ
=

BT

TQ
,

HE

HR
=

CT

RT
.

Computing the power of the point H with respect to the
circle DPES we obtain

PH2 = HD · HE =
BT · HQ

TQ
· CT · HR

RT
= k · HQ · HR.

Should we place the origin at Q and the x-axis along the
line QR an d should we set QR = a, HQ = x, HP = y, we
would see that the relationship derived by Apollonius would

be y2 = kx(a − x) or k
(
x − a

2

)2

+ y2 =
ka2

4
. Exactly the

same argument applied to the intersection of the cone with
a plane parallel to the line AC leads to the equation of a
parabola. From a plane intersecting AD but not the half-
line AC one gets the equation of a hyperbola. If both halves
of the cone are considered, both branches of the hyperbola
are obtained. – It is slightly surprising that Apollonius does
not refer to the simple definitions of conic sections with the
help of the directrix and focal point.
Apollonius was held in high esteem in his time and later. In
antiquity, he was known as The Great Geometer.
The development of the theory of conic sections almost 2000
years before their physical significance became evident along
with Kepler’s planetary theory and Newtonian mechanics is
a nice counterexample to people sceptical of the usefulness
of theoretical, ”pure” mathematics.
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4.11 Greek arithmetic and algebra

In arithmetic, a status somewhat similar to The Elements
was achieved by the work Arithmetika by Nicomachos (ca.
100 AD). Nicomachos’ overview of what was known of the
properties of numbers in antiquity was presented in a form
totally detached from geometry.
The most important representative of the arithmetic-
algebraic tradition in antiquity was Diophantos of Alexan-
dria (ca. 250 AD). His main work, also called Arithmetika,
contains a great number of problems which in modern termi-
nology would be called polynomial equations or systems of
equations with one or several unknowns for which solutions
in integers or rational numbers are required. Such equations
are even nowadays called Diophantine equations.
Diophantos’ solutions to his problem usually base on clever
insights. They do not constitute a unified theory. Diophan-
tos is the first writer whose texts show some elements of
algebraic symbolism. His symbols were suitable for writing
down polynomial expressions. For the unknown quantity
Diophantos used a symbol whose exact form has become
obscure when manuscripts have been repeatedly copied. It
looks like the letter ζ, but it has bees suggested that it in fact
was formed by merging the two first letters αρ of the word
αριθµoσ. The square of the unknown was denoted by ∆Υ

and its cube by KΥ. The fourth, fifth and sixth power were
∆Υ∆, ∆KΥ and KΥK, respectively. The constant term was
denoted by

◦
M. Each symbol was followed by its coefficient

(in ionic numbers) and addition was denoted by writing the
symbols one after each other. Subtraction was shown by
the symbol |∧, written in front of the terms that were to be

subtracted. The notation KΥβζε |∧∆Υγ
◦
M µδ thus stands

for the polynomial 2x3 + 5x − 3x2 − 44.
Most of the problems of Diophantos deal with polynomial
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equations in two or several variables, like y2 = Ax2+Bx+C
or y2 = Ax3 + Bx2 + Cx + D. The equations can be de-
terminate or not. The coefficients have usually been chosen
so that after appropriate substitutions a linear equation re-
mains. For instance the equation y2 = Ax2 +Bx+C can be
solves, if A = a2 or C = c2. In the first case, the substitu-
tion y = ax+m leads to the equation 2amx+m2 = Bx+C,
in the latter the substitution y = mx + c to the equation
m2x2 + 2mx = Ax2 + Bx or (m2 − A)x = B − 2m. The
problem x2+y2 = a2, which gives the Pythagorean numbers,
was solved by Diophantos with the substitution y = mx−a.
Diophantos only accepted rational roots and one single root.

According to an old story, the age of Diophantos could be
computed taking into account the following information:

Diophantos was a child for 1/6 of his life, a young-
ster 1/12 of his life and a bachelor for an additional
1/7 of his life. A son was born to him five years
after his marriage. The son died four years before
his father just when he was half of his father’s age.

How old was Diophantos?

4.12 Trigonometry in Greek antiquity

The body of knowledge now called trigonometry can be
said to have its origins in the Hellenistic period. The as-
tronomers Hipparchus (180[?]–125 BC) and Claudios Ptole-
maios or Ptolemy (85[?]–165 AD), the inventor of the clever
if erroneous system of the universe, computed tables of the
lengths of circular chords corresponding to different central
angles – precursors of the later trigonometric tables. The
main work of Ptolemy, known as Syntaxis Mathematica and
Almagest , also contains a description of the method used
in the preparation of the tables. Ptolemy started from ge-
ometrically ”easy” angles and utilized theorems which en-
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able the computation of chords corresponding to one half
of an angle or the sum of two angles. Such a theorem is
Ptolemy’s Theorem which states that for the sides and di-
ameters of a quadrangle inscribed in a circle the relationship
AB · CD + BC · AD = AC · BD holds.

Ptolemy’s Theorem

The theorem is easily proved by choosing a point E on AC
such that ∠ABE = ∠DBC; the triangles ABE and DBC
as well as ABD and ECB are respectively similar. The

similarities imply
AB

AE
=

BD

DC
and

CE

BC
=

AD

BD
, and further

AB · DC + AD · BC = BD · (AE + EC) = BD · AC.
By examining inscribed quadrangles whose one side is a di-
ameter, Ptolemaios easily got expressions for the chords cor-
responding to the sum and difference of two angles as well
as the chord corresponding to a half-angle. The chords cor-
responding to the angles 60◦ and 36◦ can be computed ge-
ometrically, and using halving and differences, one obtains
chords corresponding to angles 24◦, 12◦, 6◦, 3◦, 90′ and 45′.
A simple approximation based on the fact that small angles
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are to each other almost as their chords then gives the 1◦

chord and its halving again the 30′ chord. The addition
formula now can be used to compute a chord table at 30′

intervals.
The trigonometry of antiquity served the needs of astron-
omy. By modern classifications, it was spherical trigonom-
etry. The plane version of trigonometry, which would have
useful in geodesy or architecture, was not known as such,
although the chord tables implicitly containing sine and co-
sine values could have been used in solving plane triangles.
The first systematic treatise on spherical triangles was writ-
ten by Menelaos (ca 100 AD). The Greek trigonometry did
not work with the ”trigonometric functions” familiar to us.
The solutions of plane and spherical triangles were obtained
by purely geometric means. Heron (ca 75 AD), a contem-
porary of Menelaos, wrote on areas of figures and volumes
of solids. The idea of Heron’s formula giving the area T of
a triangle in terms of its sides a, b, c and semi-perimeter s
as

T =
√

s(s − a)(s − b)(s − c)

is supposed to have been known already to Archimedes.
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5 Mathematics in the Middle Ages

The mathematics of antiquity faded out together with other
culture in the first centuries AD. Most of the mathematical
texts of the era are commentaries. New results are rare.
The last significant mathematician of antiquity is Pappus
of Alexandria (ca 320) whose work Synagoge or Mathemati-
cal Collection (ca 320) contains citations of a great number
of geometers of antiquity. – Also from Alexandria was the
first female mathematician whose name has survived to pos-
terity. She was Hypatia (370[?]–415), ”a lady philosopher
widely well known for her beauty, chastity and learning–”
as described by a Finnish encyclopaedia of the 1930’s. Hy-
patia’s works, too, are commentary in character. She suf-
fered a martyr’s death in the hands of Christians because
she refused to give up her pagan beliefs.

The western part of the Roman Empire collapsed in the fifth
century. Boethius (480–524), a Roman statesman, philoso-
pher and adviser of the Ostrogoth emperors wrote some rel-
atively elementary textbooks which came to represent the
most advanced mathematical knowledge in Western Europe.
In the Byzantine Empire some mathematical activity con-
tinued to exist: the designers of the Hagia Sofia cathedral
in Constantinople, Anthemius of Thralles (died in 534) and
Isidoros of Miletus (ca 520) were informed in mathematics
and interested in the works Archimedes, among other things.
The method of drawing an ellipse with the aid a string fixed
in two nails is attributed to Anthemius. The theorem which
justifies the method was given by Apollonius. Isidoros was
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the last director of Plato’s Academy. The Academy was
closed by Emperor Justinian in 529.

In the centuries that followed, mathematics was largely
abandoned in the West and the results produced by the
Greek mathematicians were forgotten. On a modest level,
mathematics existed within the schools. The ”seven liberal
arts” in medieval schools included after the Pythagorean
pattern arithmetic and geometry. The teaching was con-
fined to the first elements only. Only in the times of the
Renaissance will mathematics recover again. The centre of
gravity of the development of mathematics lies in the thou-
sand years from the fourth to thirteenth centuries in the
East, first in India, then in the world of Islam.

5.1 India

The Sanskrit expression for mathematics is ganita, art of
counting. Indian medieval mathematics is a descendant of
the Babylonian arithmetic-algebraic tradition. The most
significant offering of Indian (or Hindu) mathematics is the
highly practical and nowadays standard way of denoting
numbers in a decimal system by what are called Arabic or
Hindu-Arabic numerals. All the ingredients of the decimal
system can be found in earlier cultures, but they had not
been combined elsewhere (except in China, where the so
called ”rod numbers” in fact obeyed a positional system in
base 100).

The oldest allusions to the Hindu decimal notation can
be found in the Araybhatya, an astronomical-mathematical
treatise written in verse by Aryabhata (ca. 500 AD). The
oldest recorded instance of a number – the number 346 – ac-
tually written in the decimal system is from 595. For some
reason, zero seems to be a later addition to the system. The
oldest recorded 0 in India is from the ninth century. The
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often cited sentence: ”zero was invented by the Indians” in
inaccurate. But the zero sign of the Babylonians was never
used as the last figure in a number notation, so the modern
usage of zero as one symbol in the number system can be
said to be of Hindu origin.

There is no clear picture of how the algorithms essentially
belonging to the use of the decimal system evolved. So there
are no grounds for denying the assumptions that the algo-
rithms described in early textbooks from the 13th century
onwards mainly in Italy are of Indian origin. The methods
include the gelosia multiplication and the galeon or batello
division (old books have illustrations in which the numbers
in the division form figures of sailing boats). The contents of
the modern algorithms are essentially the same although the
placing of numbers in the computing schemes has changed
– and is changing even in modern times.

In gelosia multiplication 987 · 987 = 974169 is done as fol-
lows:

and the galeon division of

78963
245

= 322 +
73
245

goes as follows:
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/1
/1 /5 7
/5 /4 /6 3

2 4 5 | /7 /8 /9 /6 /3 | 3 2 2
/7 /3 /5 /0 /0

/4 /9 /9
/4

Besides the decimal system, another Indian innovation
which remains in use is the sine function in trigonometry:
in the first centuries AD Indian astronomers composed, in
verse, astronomical treatises called the Siddhantas, and they
were endowed with tables not for chords as with Ptolemy
but for half-chords of double angle. The division of the ta-
bles was 3◦45′, and interpolation was used to obtain more
accurate values. The word sine, or the Latin sinus is due to
a misunderstanding. The Sanskrit word for half-chord was
jya-ardha and it was taken to Arabic in the form jiba. Since
the Arabic orthography does not denote vowels, a 12th cen-
tury translator read the term as jaib, a word meaning an
inlet of the sea or a chest or a similar curved object as the
Latin sinus.
The most prominent mathematician of the early Middle
Ages was Brahmagupta (ca 625). In the way typical of
Hindu mathematics, his production was uneven: correct and
less correct results coexist. For instance the ratio of the cir-
cumference and diameter of a circle is given as

√
10 or 3.

The formula of Brahmagupta for the area S of a quadrangle
with sides a, b, c and d and semiperimeter s is analogous to
Heron’s formula:

S =
√

(s − a)(s − b)(s − c)(s − d).

It is in fact true for quadrangles inscribed in a circle.
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Brahamgupta’s significance lies in his achievements in arith-
metic. He was the first to use the zero and negative numbers
in a consistent manner. The rule ”negative times negative
is positive” was known to him. A quadratic equation could
well have two roots even in cases when the solutions were
non-positive. Brahmagupta and his contemporaries in In-
dia had no scruples about irrational numbers and the logical
problems such numbers presented. Like Diophantos, Brah-
magupta also utilized some algebraic symbolism. To his
credit we can also count the complete solution in integers of
the linear Diophantine equation ax+ by = c. If the greatest
common factor of a and b divides c, a particular solution
of the equation can be found with Euclid’s algorithm. If a
particular solution (x0, y0) is known, the complete solution
is given by (x0 − bt, y0 +at) for any integer t. – Diophantos
had been satisfied with a particular solution.

The Hindu mathematicians distinguished themselves in the
solution in integers of Pell’s equations x2 −Dy2 = 1, where
the integer D is not a square number. (Leonhard Euler gave
the name to this equation type after the English mathemati-
cian and diplomat John Pell (1611–85), but his association
with the equation is very obscure.) Brahmagupta observed
that if x2 − Dy2 = a and t2 − Du2 = b, then x′2 − Dy′2 =
(xt + Dyu)2 − D(xu + yt)2 = (x2 − Dy2)(t2 − Du2) = ab.
The information can be used to show that infinitely many
solutions can be generated from a particular solution of the
equation. A possible common factor of x′ and y′ may be
cancelled out which may help finding a particular solution.

The last prominent medieval Hindu mathematician was
Bhaskara or Bhaskara II (1114–85) (another Bhaskara lived
in the seventh century). Bhaskara developed the ingenious
chakravala method for finding a particular solutions of Pell’s
equations. He solved the equation x2 = 1 + py2 in the cases
p = 8, 11, 32, 61 and 67. The solution given by him to the
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equation x2 = 1+61y2 is x = 1 766 319 049, y = 226 153 980.
Bhaskara is reputedly the first to explicitly state the impos-
sibility of a division by zero. – An indication of the Hindu
skill in dealing with irrational numbers is Bashkaras obser-

vation
√

3 +
√

12 =
√

(3 + 12) + 2
√

3 · 12 = 3
√

3.

Bhaskara is also famous for his one word proof (Behold! )
of the Pythagorean Theorem. If a square of side c is cut
in four right triangles with legs a and b and a square of
side a − b, the addition of areas immediately yields c2 =
2ab + (a − b)2 = a2 + b2.

Bhaskara’s proof: Behold!

5.2 Mathematics in the Islamic world

Muhammad, the founder of Islam, died in 632. The century
that followed was a time of rapid military expansion of Is-
lam, but from the middle of the eighth century, the leaders
of the Islamic states started to show a positive attitude to
culture. In particular, in the centre of the Caliphate, Bagh-
dad, and its Bait al Hikmassa or The House of Wisdom ,
an institute resembling the Museion in Alexandria, Greek
manuscripts were studied and translated into Arabic. The
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connections to India were also utilized.

From the point of view of the history of mathematics, the
greatest merit of medieval Islamic or Arabic culture is the
preserving of the inheritance of the Greeks on the other
hand and absorbing and passing on the Hindu arithmetic.
The Arabic influence is sometimes seen in names. For in-
stance the main astronomical work of Ptolemy, which had
a decisive influence on the medieval concept of the world, is
generally known by its Arabic name, the Almagest . But to
consider the Islamic culture a mere preserver and mediator
is a gross underestimation. – One should also note that the
Islamic world was geographically extensive and contained
many nationalities and languages. The uniting factors were
religion and Arabic as the language of culture.

The most influential Arab mathematician was Muhammad
ibn Musa Al-Khwarizmi (780[?]–850[?]). (The orthography
of the name varies in different sources. This is partially
explained by the Arabic convention of writing only the con-
sonants.) Al-Khwarizmi wrote astronomical treatises, but
his most influential works are textbooks in arithmetic and
algebra. The former has survived only in Latin translation
as De Numero Indorum. The book explains the use of the
Hindu decimal system. The Arabic had no symbols for num-
bers – they were expressed as words in writing. Inaccurate
translations of Al-Khwarzimi’s work have given rise to the
phrase ”Arabic numerals”. Al-Khwarizmi himself does not
try to hide his sources. The Hindu numerals appear in two
versions in the Islamic writings. The gobar -numerals were
in use in the western parts of the area and they made their
way to Europe. – The Arabic still uses two different systems
of numerals and the one used in Northern Africa is closer to
the system used in Europe. It is to be noted that the com-
plete decimal system together with decimal fractions and a
sign to separate the fractional part only was not developed
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Versions of Hindu-Arabic numerals

before the Renaissance times.

Al-Khowarizmi’s name gave rise to the word algorism which
denoted calculating with the Hindu numerals. The modern
word algorithm is of the same origin.

Al-Khwarizmi’s most important work was Al-jabr wa’l
muqabalah. The name of the book describes two opera-
tions used when manipulating an equation. The first word
in the name is translated as ”reunification” and it denotes
the operation of removing a negative term from one side of
the equation and adding the corresponding positive term
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to the other side (e.g. x2 = 40x − 4x2 → 5x2 = 40x).
The other word means combining the positive terms on
both sides of the equation to a single positive term. (say
50 + x2 = 29 + 10x → 21 + x2 = 10x). The word algebra
comes from the name of Al-Khwarizmi’s book.
The main subject matter of Al-jabr wa’l muqabalah is the
solution of quadratic equations, by algebraic and geometric
methods. The algebraic solution is essentially the one we
are familiar with, i.e. completing the square and extracting
a square root. Geometric solutions need to take into account
the signs of the coefficients (in modern notation) or the dis-
tribution of positive terms on the sides of the equation. In a
typical problem described by Al-Khwarizmi, x2 +10x = 39,
one draws a square of side x and on each of its sides a rect-
angle of altitude 10/4. The cross-like figure then has area
39. If four squares of side 10/4 are added to the figure, a
square of area 39 + 25 = 64 and side x + 5 is obtained. So
x = 3. Unlike the Hindus, Al-Khwarizmi only accepted pos-
itive roots. His presentation is entirely verbal, and no use
of the emerging symbolism of Diophantos or Brahmagupta
is used. – Up to the 19th century, algebra was understood
to be the study of solutions of polynomial equations.
Another important mathematician of the ninth century
was Thabit-ibn-Qurra (826–901). He translated works by
Euclid, Archimedes, Apollonius and Ptolemy into Arabic.
The translations include Thabit’s additions and improve-
ments. Thabit gave an interesting construction for friendly
numbers: if p, q and r are prime numbers of the forms
p = 3 · 2n − 1, q = 3 · 2n−1 − 1 and r = 32 · 22n−1 − 1, the
2npq and 2nr constitute a pair of friendly numbers in the
Pythagorean sense: each is the sum of the other’s factors.
The Arabians liked to adopt computational and practi-
cal material from the Greeks rather than the axiomatic-
deductive features. Of the subfields of geometry, the field
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immediately useful to astronomy, i.e. trigonometry, was
most vigorously developed in the Islamic cultural sphere,
even quite close to the form we know now. The Arab as-
tronomers assumed the sine function from India and they in-
troduced the tangent function themselves. The most promi-
nent developer of trigonometry was Abu’l-Wefa (940–997).
He calculated a sine table accurate to what would be eight
decimal places for angles at 15’ intervals, knew the sine the-
orem for spherical triangles and utilized to some extent all
the six standard trigonometric functions.

The last great mathematicians of the Islamic period were
Omar Khayyam (1048–1131) and Nasir Eddin al-Tusi
(1201–1274). Both were Persian by birth. Omar is now well
known as a poet. His Rubaiyat , a collection of four-line po-
ems originally written in Persian, has been translated into
many languages. In his time, Omar was more famous as
a scientist. He proposed a calendar reform and he wrote
a treatise in algebra which is a systematic study of cubic
equations. Nasir served as the astronomer of the Mongol
khan Hulagu in Maragheh, North-Western Iran.

The cubic had been solved by using conic sections in partic-
ular cases by Menaechmus and Archimedes, but Omar gave
a general geometric solution (or a great number of geomet-
ric solutions, in accordance to the signs of the coefficients).
Omar did not believe in the possibility of an algebraic solu-
tion of the cubic.

Omar’s solution to the cubic x3 + b2x + a3 = cx2 is as

follows. Determine d from
b

a
=

a

d
and e from

b

d
=

a

e
. Then

e =
a3

b2
. Draw the segment AB = e and mark BC = c on

the line AB. Then draw a perpendicular to AC through B
and mark BE = d on it. Draw a semicircle with diameter
AC, meeting BE at D. On the half line BC, mark the
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Omar’s solution of the cubic

segment BG such that
ED

BE
=

AB

BG
. Let H be the point

that completes DBG to a rectangle DBGH. Draw a line
parallel to AC though E. This line meets GH at M . Now
H and the lines EF and EM determine a hyperbola, i.e.
the locus of the points P whose distances from the lines
multiplied together give DH · MH. The semicircle meets
this hyperbola at J . The perpendicular to EM and AC
through J meets EM at K and AC at L. Because of the
property of the hyperbola and the way the point G was
chosen, EK · KJ = EM · MH = BG · ED = BE · AB and
BL · LJ = EK · (BE + KJ) = EK · BE + BE · AB =
BE · AL. Consequently BL2 · LJ2 = BE2 · AL2. But a
well-known property of a semicircle implies LJ2 = AL ·LC.
So BL2 · AL · LC = BE2 · AL2 or BE2 · AL = BL2 · LC
and further BE2(BL + AB) = BL2(BC − BL). All the
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segments in this equation, except BL, have been chosen to
have lengths corresponding to the coefficients of the original

equation. The equation can be written as b2

(
BL +

a3

b2

)
=

BL2(c − BL) or BL3 + b2 · BL + a3 = c · BL2. So x = BL
is a solution of the original equation.

Both Omar and Nasir tried to find a proof for Euclid’s fifth
postulate, the parallel axiom. Nasir wrote the first trea-
tise of trigonometry which was independent of astronomy.
Nasir’s book contained the sine formula for plane triangles.

The last prominent mathematician of the Islamic era is Al-
Kashi . He was active in Samarkand in the early 15th cen-
tury. He was a skilful calculator and was important in the
introduction of the decimal system, although he still wanted
to use sexagesimal fractions in more accurate computations.
He calculated the value of π to 16 decimal places. This
stayed as a record for a long time.

5.3 China

China used a version of the decimal positional system al-
ready around 0 AD. There were two signs for each number
from 1 to 9 and every second number was taken from each
of the sets. Thus every number from 1 to 99 had a definite
sign. The symbol for zero was missing. The distinction be-
tween positive and negative numbers was known: positive
numbers were written with red ink, the negative ones with
black.

There were several advanced elements in ancient Chinese
mathematics. The Jiuzhang suanshu (Nine Chapters on
Arithmetic Rules), written by Liu Hui in the third century
AD, contained the method of solving a system of several
linear equations by eliminating unknowns. The coefficients
of the equations were placed in columns of a ”matrix”, and
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operations on them were the same as the matrix row oper-
ations in what we call the Gauss elimination method.

Accurate approximations to π were calculated in China, too.
Zu Chongzhi (430–501) obtained the result 3, 1415926 <
π < 3, 1415927.

The method attributed to the Englishman W.G. Horner
(1786–1837) for finding approximate solutions to an alge-
braic equation P (x) = 0 is of Chinese origin. In Horner’s
method, one takes an approximate solution x0, and then
makes the substitution x = x0 + y. The resulting equa-
tion P1(y) = 0 has a relatively small root y so one can
forget higher powers of y from P1 to obtain a linear equa-
tion whose root gives a better approximation to the orig-
inal equation etc. The Chinese name of the method is
fan fa, and it is found in the writings of Qin Jiushao
(ca. 1247). The ingenious numerical implementation of
fan fa can be thought to be based on writing the polyno-
mial xn + an−1x

n−1 + an−2x
n−2 + · · · a1x + a0 in the form

x(x(. . . (x + an−1) + an−2) · · · + a1) + a0. To demonstrate
this, we find an approximate root of x3 +2x2 − 5x− 10 = 0.
It is easy to see, that a root lies between 2 and 3. The
computation scheme

1 2 −5 −10
+2 +8 +6
4 3 −4

+2 +12
6 15

+2
8

transforms the polynomial into a polynomial of y = x − 2:
y3+8y2+15y−4. This polynomial has a zero in the interval
(0, 1); the polynomial y3 +80y2 +1500y−4000 on the other
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hand has a zero in the interval (2, 3). The scheme

1 80 1500 −4000
+2 +164 +3328
82 1664 −672
+2 +168
84 1832
+2
86

signifies that another substitution y = x+2 yields the poly-
nomial x2 + 86x2 + 1832x − 672. An approximate root of

this polynomial is x =
672
1832

= 0,37. So an approximate
solution of the original equation is x = 2,237. – Since in
fact x3 +2x2 − 5x− 10 = (x +2)(x2 − 5), the exact value of
the root is

√
5 ≈ 2,236.

The works of Qin also include a deep proof of the Chinese
Remainder Theorem often used in number theory: an in-
teger n exists such that when it is divided by given num-
bers, q1, . . . , qk, the remainders are given numbers r1, . . . ,
rk. Jang Hui (ca. 1270) gave the formula for the sum of n
smallest square numbers as well as the binomial coefficient
scheme known to us as Pascal’s triangle .

The first printed mathematical books appeared in China
around 1100. The high level mathematical culture had very
little contacts with other cultures. The influence of China
on the development of mathematics in other parts of the
world has not been clearly demonstrated.

5.4 Medieval Europe

To some extent, the Greek tradition lived in the Byzantine
culture until the second millennium. Some commentaries
and treatises of a text book character were written. In
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western Europe, the level of mathematics was very low from
the fall of the Roman Empire onwards. Greek language, in
which almost all mathematics of antiquity was written, was
almost totally forgotten. In the time of Charlemagne (ca.
800) some attempts to develop the educational system were
made, but mathematics did not go over the level of elemen-
tary arithmetic. The most important mathematical activi-
ties centred on the computations needed to fix the time of
Easter and other calendar dates. A desirable situation was
to have in each monastery at least one monk capable of cal-
endar computations. The attitude of the Catholic Church
towards science and mathematical learning was otherwise
unsympathetic, although mathematics was supposed have
some value in training for theological argumentation. As-
trology – and medical skills which were tied to it – needed
some astrology and computational skill to support them.
One of the most important men with a mathematical inter-
est in the so called Dark Ages was Gerbert (940[?]–1003),
a Frenchman who later became Pope Sylvester II . He is re-
puted to be the first Westerner to use the Hindu-Arabic
numerals.

Mathematics started a slow revival in the West in the 12th
and 13th centuries. Islamic learning started to make its way
to the West and translations of texts of Greek origin or texts
originally produced in the Islamic sphere started to appear.
Translations directly from Greek did not appear before the
15th century. The most important way of knowledge was
through Spain. In particular, Toledo, in those days a city
of many nationalities and religions, was a significant gate
between the Islamic and Christian worlds. The bellicose
crusades did play a great role in the transition of information
contrary to what is often claimed.

The earliest important translator of mathematics was Ade-
lard (1075–1160), active in Bath, England. He translated
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The Elements of Euclid into Latin. The most diligent
translator was probably Gerard of Cremona (1114–87). He
worked in Toledo and his list of translations has at least 85
works, among them The Almagest of Ptolemy and writings
of Al-Khwarizmi. (The misunderstanding concerning the
word sine was actually Gerard’s.) The translator seemed
to be more interested in works in the arithmetic-algebraic
tradition than in those of the more difficult geometric tra-
dition.

5.5 Fibonacci

The first important original mathematician in the West was
Leonardo Pisano or Fibonacci (1180[?]–1250). His famous
work Liber abbaci1 (1202) was (in spite of the word abacus
in the name) one of the first texts on arithmetic in the dec-
imal positional system. One of the essential features of the
decimal system, the notation for decimal fractions, was not
understood by Leonardo and his contemporaries. The deci-
mal system was regarded as difficult and it was opposed. In
Florence, a statute was published in 1299 in which the use
of decimal fractions was prohibited in transactions involving
exchange of money.
Although the mathematical sophistication of Liber abbaci
is not overly high, the work has been immortalized by the
following famous problem:

How many pairs of rabbits will be born in a year,
if there is on pair in the beginning, and every pair
gives birth to a new pair every month, and every
pair will start to produce offspring two months af-
ter its birth?

Because there was one pair in the beginning of January,
there will be to pairs in the beginning of February, three in

1 Sometimes in the form abaci .
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the beginning of March, in the beginning of April these three
and the new pairs born to the original pair and pair born
in February, five altogether etc. We see that the number of
pairs is given by the recursion formula

an+1 = an + an−1.

A sequence defined by this recursion, with a1 = a2 = 1
as starting values, is called the Fibonacci sequence and its
members are Fibonacci numbers. That the sequence is infi-
nite was implicit already in Fibonacci’s work since he men-
tions that one can continue the process as long as one wishes.
The numerous interesting properties of the Fibonacci se-
quence and its variants are still studied. The Fibonacci As-
sociation was incorporated in 1963; it publishes the journal
The Fibonacci Quarterly. – An explicit formula for the Fi-
bonacci numbers is obtained by setting an = rn and solving
r2 = r + 1. It turns out that

an =
1√
5

[(
1 +

√
5

2

)n

−
(

1 −√
5

2

)n]
.

The consecutive Fibonacci numbers thus are to each other
approximately as quantities in the golden ratio. – Leonardo
also considered cubic equations and developed approxi-
mate solutions to them. He gave in sexagesimal num-
bers the remarkably accurate x = 1; 22, 7, 42, 33, 4, 40 (=
1,368808107853 . . .) as the solution to the cubic x3 + 2x2 +
10x = 20. (A more accurate approximation would be
1,368808107821 . . .). It is reasonable to suppose that he
possessed some version of ”Horner’s method”. Fibonacci
discovered a clever method for computing the sum of con-
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secutive cubes: since in the array

1
3 5
7 9 11
13 15 17 19
...

...
...

...

the average of the numbers in the n:th row equals n2 and
there are n numbers on row n, the sum of the numbers on n
rows equals 13 + 23 + · · ·+ n3. On the other, the properties
of figurate numbers imply that the sum of the first k odd
numbers is k2. The total number of numbers in the array is

1 + 2 + · · · + n =
n(n + 1)

2
. So

13 + 23 + · · · + n3 =
(

n(n + 1)
2

)2

.

5.6 13th and 14th centuries

In the 13th century, learning in Western Europe reached
the Arabic level. The first universities were established
(Bologna, Paris, Oxford . . . ), scholastic philosophy flour-
ished (Albertus Magnus, Thomas Aquinas ) and technology
was in progress (gunpowder and compass became known).
In Mathematics, knowledge increased mainly because of
translations (even Archimedes was rediscovered), but some
original results were obtained, too. Jordanus Nemorarius
(ca 1220) used letters in the place of numbers in algebra. He
was the first to present the solution formula of a quadratic
equation in a general form (observe that Jordanus does not
imply a product when writing two letters consecutively):
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Let a given number abc be divided in parts ab and
c and let the product of the parts ab and c be d.
Let the square of abc be e and let f be four times d
and let g be the result, when f is subtracted from
e. Then g is the square of the difference of ab and
c. Let h be the square root of g. Then h is the
difference of ab and c. Since h is known, c and ab
are determined.

The next century, with the notorious Black Death that
claimed a third or even a half of the population in many
parts of Europe, was still mathematically poor. The most
significant mathematician of the 14th century might be the
French Nicole Oresme (1323[?]–82), the Bishop of Lisieux
in Normandy. Oresme discovered an evolved theory of pro-
portions and in that context he came to a concept that we
would call a power with a fractional exponent. Since 43 = 64
and 82 = 64, Oresme found 8 = 41 1

2 a suitable notation. In
fact, Oresme denoted 8 by the symbol 1p 1

2
4. Oresme – as

several other scholastics – reflected changing quantities. To
visualize the change, Oresme introduced ”the latitudes and
longitudes of forms”, essentially a coordinate system in the
plane. A form was any quantity which could change, as
speed, acceleration or density, and the latitude of the form
described the amount of the property the form possessed.
The latitude of the velocity of an object moving at con-
stant speed was a horizontal line while the latitude of the
velocity of a body expressing a constant acceleration was an
inclined line. The concepts are closely related to the concept
of a function and its graph. Oresme could not fully utilize
his observation. He restricted his considerations to figures
corresponding to linear functions.

Oresme and his English contemporary Richard Suiseth, also
known as The Calculator (ca 1350) considered and solved
problems involving sums of infinite series. (Similar argu-
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ments had been conducted by Archimedes.) Oresme even
noticed the divergence of the harmonic series

1
2

+
1
3

+
1
4

+ · · · ,

using of an argument identical to the one used now. He
noticed that the first term, the sum of the following two
terms, the next four terms etc. always sum to a number at
least one half. – The medieval scholastics in a way paved the
way to future mathematical analysis in their considerations
of the nature of infinitely large and infinitely small. These
concepts were not relevant in the mathematics of antiquity.
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6 The Renaissance

The Renaissance (”rebirth”) was interested in classical an-
tiquity, and this interest was apparent also in the trans-
lations of the classics of antique mathematics. The needs
of emerging commerce and a new technology, printing, gave
rise to a new and kind of mathematical literature, textbooks
of arithmetic. Their circulation was much wider than that
of the previous mathematical literature which had existed in
manuscripts only. The Renaissance also saw the first discov-
eries surpassing those made in antiquity. In particular, they
were made in algebra. The algebraic solution of polynomial
equations of degrees three and four was a phenomenon of
particularly Renaissance character.

6.1 Printed arithmetics and tables

In the late Middle Ages, the centre of gravity of mathemat-
ical development clearly was outside the universities. The
University of Paris, though, had a statute from 1336 ruling
that a university degree only could be given to students who
declared on oath that they had heard lectures on the first
books of Euclid’s Elements.
The arithmetic and algebra useful in practical life, business,
accounting and navigation was propagated by autodidactic
Rechenmeisters, ”reckon masters”. The invention of print-
ing in mid 15th century did not immediately lead to a great
revolution in mathematics. But the most influential mathe-
matician of the 15th century, the German Johannes Müller
or Regiomontanus (1436–76) himself owned a printing press
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in Nurenberg, but his premature death in Rome, when plan-
ning a calendar reform, abolished his wide-ranging plans to
translate directly from Greek and print all the most impor-
tant classical mathematical works. (The fall of Constantino-
ple to the Ottoman Turks in 1453 brought about an exodus
of the learned to the West, and a number of Greek manu-
scripts followed.)

In Regiomontanus’ own production, the most prominent is
De triangulis omnimodis, the first systematic treatment of
trigonometry in Western Europe. It was not printed very
much posthumously in 1533. The contents of the book cor-
respond a modern course in trigonometry, but the presen-
tation is fully verbal. The present-day trigonometric for-
malism did not exist yet. Of the trigonometric functions,
Regiomontanus mainly used only the sine and cosine. The
word trigonometry was introduced by Barthomæus Pitiscus
(1561–1613) while publishing the great trigonometric tables
calculated by the Austrian Georg Joachimin or Rhæticus
(1514–67). The tables had been calculated at 10” inter-
vals. The early trigonometric tables avoided the decimal
fractions inevitable in the values of the trigonometric func-
tions by using right triangles with a very long hypotenuse,
even one quadrillion (1015) units of length. The lengths of
the legs then could be expressed in integers.

After the invention of printing, printed arithmetics text-
books started to appear in the latter half of the 15th cen-
tury. The first book of this kind was the Treviso arithmetic
from 1478 by an anonymous author. The German author of
arithmetics books, Adam Riese (1492–1559), has left the ex-
pression nach Adam Riese (according to Adam Riese) in the
German language. It is used to emphasize the accuracy of a
statement involving some computation. (The Finnish lan-
guage has a similar expression, Elon laskuopin mukaan, ”ac-
cording to the arithmetic of Elo”, referring to a textbook of
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the early 20th century.) Slightly more advanced arithmetics
were written by the Italian Luca Pacioli (1445[?]–1509[?])
and the Frenchman Nicolas Chuquet (1445–88). Pacioli’s
work Summa de arithmetica, geometria, proportione et pro-
portionalita had a wide circulation. Its contest did not go
much further than Fibonacci’s book 300 years earlier. Chu-
quet’s manuscript Triparty en la science des nombres (1484,
in French, but not printed until 1841) contained some ele-
mentary symbolism (1484). E.g.

√
14 −√

180 is written
as R)2.14.m.R)2180; addition and subtraction were denoted
by the letters p (plus, ”more”) and m (minus, ”less”). Chu-
quet treated negative numbers and introduced the names
billion, trillion etc. for large numbers.

Modern notation started to emerge in the early 16th century.
The arithmetics of the period contain scattered occurrences
of +- and −-signs, equality symbols, negative coefficients
and root signs. The origin of the + symbol is probably
the &-sign and − may be a corrupted form of the letter m.
The first time these signs had their modern meaning was
in the arithmetic of Johann Widman (1460–98). The book
appeared in 1489. Our root sign is a variation of the letter
r, the first letter in the word radix , Latin for root. The
sign first appeared in the algebra textbook of the German
Christoff Rudolff in 1525. The first user of the = sign was
the Englishman Robert Recorde, (1520–58). By his argu-
ment two horizontal line segments were an ideal equality
sign ”bicause noe .2. thynges can be moare equalle”).

6.2 Art and geometry

When discussing the Renaissance mathematics, also the
connections of art and geometry, and in particular the ge-
ometry of three-dimensional space should be remembered.
The gradual emergence of perspective in painting in the
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14th and 15th centuries witnesses the artists’ interest in ge-
ometry. Considerations of perspective can also be thought
of as first steps towards the later projective geometry. Of
the great Renaissance painters for instance Albrecht Dürer
(1471–1528) and Leonardo da Vinci (1452–1519) were well
versed in mathematics. The copper engraving Melancholia
by Dürerin from 1514 shows one of the first appearances in
the West of a magic square. Magic squares had been con-
structed by the Chinese at least in the first centuries AD.
Dürer’s square is

16 3 2 13
5 10 11 8
9 6 7 12
4 15 14 1

(one should note the year in the last row!).

The explorations greatly widened the world view from the
15th century onwards. They also gave rise to developments
in the art of drawing maps. The Dutch cartographer Ger-
hardus Kremer or Mercator (1512–94) published in 1569 the
first map drawn in the Mercator projection.

6.3 The solution of cubic and quartic equa-
tions

All the earlier text-books in arithmetic and algebra were
overshadowed by the Ars Magna (ars magna, the great art
denoted algebra as contrasted to arithmetic). It was pub-
lished in 1545 by Geronimo or Girolamo Cardano (1501–76),
an Italian doctor, mathematician and personal astrologer to
the Pope. Cardano’s work reported the first genuine great
progress in mathematics since classical antiquity. It was the
algebraic solution of polynomial equations of degree three
and four. Luca Pacioli had joined Omar Khayyam’s opin-
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ion: he stated that solving the cubic is impossible or at least
as difficult as squaring the circle.
The story of the many phases of the discovery and publica-
tion of the solution formulas is one of the most colourful in
the history of mathematics. – Colourful was also the life of
Cardano. He served as doctor and astrologer in several Eu-
ropean courts, as professor of medicine and mathematics in
Milano, Pavia and Bologna, was tortured by the Inquisition
and suffered excommunication after publishing a horoscope
for Jesus Christ. The story even goes that to maintain his
reputation as an astrologer, he ceased to eat when the fore-
cast day of his death was approaching, and thus managed
to die in the correct day. The cardan joint gets its name
from Cardano.
It is assumed that the first to discover the solution method of
the cubic x3 + mx = n was Scipione del Ferro (1465–1526),
professor of mathematics in Bologna. He never published
his result, but nevertheless expressed it to his pupil Anto-
nio Maria Fior , a mediocre mathematician. Around 1535
the self-taught wandering mathematician Niccolo Tartaglia
(1500[?]–57) had discovered or otherwise found the solution
formula for the cubic x3+mx2 = n. After Tartaglia boasted
his ability, a public competition in solving equations was ar-
ranged on the 22nd of February between Fior and Tartaglia.
It was won by Tartaglia, who had managed to find solutions
for both equation types while Fior only could handle the
type taught to him by del Ferro.
The ruthless Cardano managed to get the solution method
from Tartaglia, using false promises. Tartaglia, who was
expecting financial advantage from his discovery, demanded
and got a promise of unconditional secrecy from Cardano.
Tartaglia was caution enough to conceal his information in
the form of a poem(”Quando che’l cubo con le case ap-
presso/ Se oggualia a qualche numero discreto/ Trovan dui
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altri, differenti in esso/ . . . ”), but Cardano nevertheless
found out the formula. After the method became public in
the Ars Magna, with due indication of the source, a fierce
dispute broke out. Cardano replied to Tartaglias accusa-
tions of betraying confidence by claiming that Tartaglia had
in fact stolen the formula from Ferro.
Cardano was supported in the dispute by his pupil Luigi
Ferrari (1522–65). Cardano once was given a problem which
involved an equation of degree four. He could not solve
the problem himself, but he asked Ferrari to think about
it. Ferrari indeed found the method of solution (which is
only possible, if an auxiliary cubic equation can be solved).
Cardano also published Ferrari’s results in the Ars Magna.
– Cardano did not claim that the solution formulas were his
inventions but duly recognized their origin. Despite that,
the solution formulas for cubic equations are called Cardano
formulas while the solution formulas for equations of degree
four are called Ferrari formulas.
To derive the Cardano formulas, we consider the cubic equa-
tion

x3 + px + q = 0.

The general cubic equation y3 +ay2 + by + c = 0 can always
be reduced to this form by the substitution y = x − a

3
. Set

x = u + v. If the additional condition 3uv = −p is imposed
on u and v, the equation becomes

u3 + v3 + q = 0.

The variable z = u3 then satisfies the quadratic equation

z − p3

27
1
z

+ q = 0,

and this can be solved. We obtain

z = −q

2
±
√

q2

4
+

p3

27
,
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and this leads to

x = u + v =
3

√
−q

2
+

√
q2

4
+

p3

27
+

3

√
−q

2
−
√

q2

4
+

p3

27
.

The Ferrari formulas can be obtained from an equation of
the form

x4 + 2ax2 + bx + c = 0,

again easily transformed from a general equation. Complet-
ing the square yields

(x2 + a)2 = a2 − bx − c.

Introduce here a parameter y and calculate (x2 + a + y)2

using information from the original equation:

(x2 + a + y)2 = (x2 + a)2 + 2y(x2 + a) + y2

= (a2 − bx − c) + 2y(x2 + a) + y2

= 2yx2 − bx + a2 − c + 2ay + y2.

(1)

Since the left-hand side of the equation is a complete square,
so is the right hand side. Since it is a quadratic polynomial
in x, it is a complete square if and only if its discriminant is
zero. This implies a cubic equation in y, b2 − 8y(y2 + 2ay +
a2 − c) = 0. But Cardano’s formula can be used to solve
this. When the obtained value of y is substituted in (1),
an equality of two squares results, and after taking square
roots, a quadratic equation in x remains.
Their great significance of Cardano’s and Ferrari’s formulas
was in the fact that new discoveries were still possible. The
great thinkers of antiquity had not found all the truths in
mathematics. The formulas are not very practical tools if ac-
tual numerical values of the roots are desired. Approximate
solutions which were known already at Cardano’s times, are
more useful.
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If all the roots of a cubic equation are real, the Cardano
formulas lead to a situation where the real roots appear
as differences of two complex numbers – in fact sums of
cubic roots of conjugate complex numbers. This case, called
casus irreducibilis remained unclear to Cardano, although
he paid some attention to it. (A modern mathematician
with complex numbers at his disposal sees no problem here.)

Cardano dealt with square roots of negative numbers in
the case of a quadratic equation (”divide the number 10
in two parts whose product is 40”), but somewhat later
Raffael Bombelli (1526[?]–73) observed that in concrete
cases like the equation x3 = 15x + 4, with the evident
solution x = 4 and the Cardano formula solution x =
3
√

2 +
√−121 + 3

√
2 −√−121, the formulas will work if the

cube roots of ”conjugate complex numbers” are assumed
to be ”conjugate complex numbers”. Bombelli’s used the
names piu di meno and meno di meno for quantities which
we would write as i =

√−1 and −i = −√−1, respectfully.
He gave rules equivalent to i · i = (−i) · (−i) = −1. Then, if
3
√

2 +
√−121 = a + b

√−1 and 3
√

2 −√−121 = a − b
√−1,

we would obtain a2 + b2 = (a + b
√−1)(a − b

√−1) =
3

√
(2 +

√−121)(2 −√−121) = 3
√

125 = 5. As we would like
to have the root 4 as 4 = a+b

√−1+a−b
√−1, we would take

a = 2 and b = 1. And indeed (2 +
√−1)3 = 2 +

√−121 and
(2−√−1)3 = 2−√−121. The observation gave grounds for
believing that the method might work with other equations,
too.

Bombelli’s boob Algebra appeared in 1572. The actual char-
acter of imaginary and complex numbers became evident
only gradually during the following three hundred years.

The crux in the solutions of equations of degree three and
four lies in the reduction of the solution to an equation of
lower degree, the resolvent equation. Unfortunately, resol-
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vent equations constructed in a similar manner for equations
of degree five or higher, appear to be of higher degree than
the original equation.

6.4 Viète and Stevin

The most influential and versatile mathematician of the late
16th century was Francois Viète or Vieta (1540–1603), a
French lawyer and government officer. Viète services to the
kings of France included opening ciphers. The Spanish were
so astonished by Viète’s feats in this field that King Filip II
accused the French of resorting to black magic.

Together with the Flemish engineer Simon Stevin (1548–
1620), who was mostly active in Holland, Viète was one of
the most active proponents of decimal fractions. Accurate
calculations were at that time still carried out with the help
of sexagesimal fractions, in accordance to the Babylonian-
Hellenistic tradition. The decimal notation evolved grad-
ually to its present form. Viète used notations such as
141,421, 356,24 (the side of a square inscribed in a circle of
diameter 200 000) ja 314,159, 265,35

1,000,00 (the arc of a semicircle
of radius 100 000). In 1585 Stevin published a Flemish book
De Thiende (Of the Tenth), which described the methods
of computation with decimal fractions. In the notation of
the book each decimal was followed by a circled number
indicating the order of the decimal.

The most far-reaching of Viète’s innovations was the use of
letters denoting known or unknown quantities. In his book
In artem analyticem isagoge (An Introduction to the An-
alytic Art) of 1591 Viète denoted unknown quantities by
vowels and known ones by consonants. The symbolism of
Viète still lacked some modern features: some of the nota-
tions in formulas were still verbal. For instance the equa-
tion A3 + BA = CA2 + D was written by Viète as ”A cub
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+ B plano in A æquatur C in A quad + D solido”. In the
writings of Viète and his contemporaries almost all modern
symbols appear separately. They started to be used concur-
rently in the first half of the next century.
In algebra Viète observes some of the relationships between
the root and coefficients of an equation, like the one assert-
ing that the sum of the roots equals the negative of the
coefficient of the second highest power of the unknown, but
since he only accepted positive roots, the theory remained
incomplete. The formulas expressing the coefficients of a
polynomial by symmetric polynomials of its roots are still
today called Viète’s formulas.
Viète solved the cubic x3 + px + q = 0 by the clever substi-
tution

x =
p

3z
− z.

It transforms the equation to a quadratic equation for z3:

z6 − qz3 − p3

27
= 0.

Viète advanced trigonometry with formulas of the type

sin A + sin B = 2 sin
1
2
(A + B) cos

1
2
(A − B),

the tangent rule of spherical trigonometry,

tan
A + B

2

tan
A − B

2

=
a + b

a − b

and the expressions of sin kx and coskx in terms of powers
of sin x and cosx,

sin kx = k cosk−1 x sin x−k(k − 1)(k − 2)
1 · 2 · 3 cosk−3 x sin3 x+· · · ,
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cos kx = cosn x − n(n − 1)
1 · 2 cosn−2 x sin2 x

+
n(n − 1)(n − 2)(n − 3)

1 · 2 · 3 · 4 cosn−4 x sin4 x − · · ·

Viète could harness trigonometry in the service of algebra.
He derived a solution formula for the cubic based on a
trigonometric substitution. For an arbitrary angle α the
formula

cos3 α =
3
4

cosα +
1
4

cos 3α

holds. We need to solve the equation

x3 + px + q = 0.

Set x = ny; the equation to be solved now is y3 =

− p

n2
y − q

n3
. Choose n so that − p

n2
=

3
4
. Find an α such

that cos 3α = − 4q

n3
= −q

2

√
−27

p3
. This is possible, if the

quantity
p3

27
+

q2

4
or the expression under the square root

sign in Cardano’s formula is negative, or just in the case of

Cardano’s casus irreducibilis. But now x =
1
n

cosα solves
the original cubic. All solutions are obtained if all possibil-
ities in the choice of α are taken into account.
Viète achieved more fame by giving a surprising trigonomet-
ric solution to the equation of degree 45, proposed by the
Flemish mathematician Adriaan van Roomen (1561–1615),
known for calculating the value of π to 16 decimal places.
Van Roomen’s equation was

y45−45y43 + 945y41 − 12300y39 + · · ·
+ 95634y5 − 3795y3 + 45y = C,
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with C =

√
2 +

√
2 +

√
2 +

√
2. Viète recognized the left

hand side of the equation as a representation of 2 sinφ in

terms of y = 2 sin
φ

45
and found the 23 positive solutions of

the equation. Viète also gave the first analytic expression
for π. It was the infinite product

2
π

=

√
1
2

√
1
2

+
1
2

√
1
2

√√√√1
2

+
1
2

√
1
2

+
1
2

√
1
2
× . . .

It can be derived as the limit of the areas of inscribed regular
2n-gons. If An is the area of a regular n-gon inscribed in
the unit circle, then

An

A2n
=

n

2
sin

2π

n
2n

2
sin

2π

2n

= cos
2π

2n
.

Taking into account A4 = 2, cos
π

4
=

1√
2
, limn→∞ A2n = π

and cos
x

2
=

√
1
2
(1 + cosx), we obtain Viète’s relation.

6.5 The invention of logarithms

In astronomy and navigation, numerically quite complicated
trigonometric computations need to be carried out. To
transform long multiplications to easier additions, a method
called prostafairesis evolved in the 16th century, the time of
the great voyages of discovery. The method was based on
trigonometric tables and formulas of type

2 sin A cosB = sin(A + B) + sin(A − B).
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A shorter way to go from multiplication to addition was
discovered by John Napier (Neper) (1550–1617), Baron of
Merchiston, an original Scottish landowner (who published a
widely circulated numerological proof showing that the Pope
was in fact Antichrist, but also useful formulas in spherical
trigonometry). In a geometric sequence, the product of any
two terms is found on the place indicated by the sum of the
places of the original terms. Napier’s idea was to consider
a geometric sequence whose terms are very close to each
other. Such a sequence was obtained by choosing 1−10−7 =
0,9999999 as the ratio of two successive terms. To avoid
decimals, Napier multiplied all numbers in the sequence by
107. (This number goes back to the tradition, established
by Regiomontanus and others, to take the 107th part of the
radius of a circle as the unit of measure with which the half-
chords, or sines, were measured.) Thus the Napier logarithm
of a number N , L = Nap log N is the number which satisfies
the equation

N = 107(1 − 10−7)L.

For the product of two numbers N1 and N2 one obtains

N1N210−7 = 107(1 − 10−7)L1+L2 .

The familiar sum-product property of logarithms needs to
be slightly reformulated for Napier logarithms. The connec-
tion between Napier’s logarithms and Neper’s number e is
explained by the fact that (1 − 10−7)10

7
is approximately

1/e. So in fact Nap log N ≈ 107 ln
107

N
.

To be of use, the logarithms have to be available. Napier
calculated a table of his logarithms by an elaborate multi-
step interpolation from certain geometric sequences. (The
calculations can be nicely reproduced on modern spread-
sheet programs.) The first phase involved subtracting the
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tenth millionth part from the number 10000000, the tenth
millionth part from the difference and so on, until after a
hundred subtractions the number 9999900.000495 remained.
The Napier logarithm of this number is 100. A linear extrap-
olation gives 100.000495 as the Napier logarithm of 9999900.
Now Napier started to subtract from 10000000 its one hun-
dred thousandth part, the same part again from the dif-
ference and so on. The differences are again numbers in a
geometric sequence, and their Napier logarithms are mul-
tiples of 100.000495. After 50 subtractions, the number
9995001.224804 is reached (Napier, unfortunately, had on
error in the third decimal part), and its Napier logarithm is
on 50 · 100.000495 = 5000.024753. An extrapolation again
gives Nap log 9995000 = 5001.250175. Now Napier con-
structed an array of 21 rows and 69 columns where each
number is the difference of the number above and its two
thousandth part and the difference of the number immedi-
ately to the left and its one hundredth part. This makes
the lowermost number in each column approximately equal
to the uppermost number in the next column to the right,
and the number in the lower right-hand corner of the table
is 4998609.4019. The Napier logarithm of 9900000 is ex-
trapolated from the leftmost column (whose numbers have
Napier logarithms which are multiples of 5001.250175) as
100503.223. This makes the Napier Logarithm of the num-
ber appearing on row p and column q in the table to be
(p − 1) · 5001,25 + (q − 1) · 100503,22. – Napier was aim-
ing at the logarithms of sines of angles and his frame of
reference was a right triangle with hypotenuse 107. The
process described above enabled him to calculate the log-
arithms for sines of angles between 30◦ and 90◦. Smaller
angles are easy to access for instance with the formula
sin 2θ = 2 sin θ sin(90◦ − θ).

Napier gave a geometric and dynamic justification to his
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method as follows. Assume that the point D moves with
a constant speed 107 along the half line O∞ and another
point C moves along the line segment AB, of length 107 in
such a way that its speed at any moment equals CB. Then,
if x = OD and y = CB, x will be the Napier logarithm of
y. Indeed, if time is denoted by t, then x = 107t, y′(t) =

−y(t), ln y(t) = −t + C and C = ln 107. So x = 107 ln
107

y
.

The approximations in interpolation and in the value of e
cause a slight difference between values of the actual Napier
logarithms and the ones given by the preceding formula.

Napier first called his numbers artficial numbers. The word
logarithm, a combination of the Greek words logos ’ratio’
and arithmos ’number’, was later constructed by him. –
Another innovation by Napier was the use of a dot or a
comma as the separator of the integral and fractional parts
in decimal notation.

Napier published his idea and his table of logarithms in
1614 in Mirifici logarithmorum canon descriptio, primarily
to assist trigonometric calculations. Instead of logarithms
of numbers he wrote of logarithms of sines. In 1615 Henry
Briggs (1561–1639), of Gresham College in London and later
the first Savilian professor of geometry at Oxford, got in-
terested in logarithms. He travelled to Scotland to meet
with Napier. Briggs and Napier reached a consensus of a
transformed system based on 10, the common logarithms.
In 1624 Briggs published a table of common logarithms
for number 1 – 20 000 ja 90 000 – 100 000 to 14 decimal
places. Briggs’ table was based on calculations of the num-
bers

√
10 = 101/2, 101/4, 101/8, . . . , 101/254

by successive
square root extractions. The logarithms achieved common
acceptance in an astonishingly short time. The astronomer
Kepler said that the age of an astronomer was doubled after
the logarithms came to use.
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The honour of inventing the logarithms goes besides Napier
and Briggs also to the Swiss instrument maker Jobst Bürgi
(1552–1632). His version of logarithms, invented indepen-
dently in 1588, only became public in 1620. The Bürgi log-
arithms were based on powers of the number 1.0001: 10n is
the Bürgi logarithm of the number 108(1 + 10−4)n.
Natural logarithms, i.e. logarithms with base e, were im-
plicit in Napier’s logarithms. Logarithms more directly like
the present-day natural logarithms started to appear around
1620, but their importance was recognized later, with the
differential and integral calculus.
The connection of logarithms to mathematical analysis
starts around 1620 from an observation by the Flemish Je-
suit mathematician Gregóire de San Vincent (1584–1667)
about the area bounded by an isosceles hyperbola, its
asymptote and two segments perpendicular to the asymp-
tote. In modern notation, the area between the hyperbola
xy = 1, the x-axis, and the lines x = a, x = b is the same
as the area bounded by the hyperbola, x-axis and the lines
x = ta, y = tb. This is easy to verify if the areas are ap-
proximated by an equal number of rectangles of respectively
equal bases: rectangles in the approximation of the first area
have their altitudes compressed by the factor t−1 and their
bases multiplied by t when the corresponding rectangles in
the approximation of the latter area are considered. A con-
sequence of this is that the areas have a logarithmic prop-
erty: if A(a) is the area between the hyperbola, x-axis and
the lines x = 1 and x = a, then St. Vincent’s result yields
A(a) = A(ab) − A(b) or A(ab) = A(a) + A(b).
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7 The 17th century: early calculus and
analytic geometry

The 17th century is undoubtedly one of the great turning
points in the history of mathematics. The century saw the
birth of some of the central methods in modern mathemat-
ics, differential and integral calculus, earlier known as in-
finitesimal calculus, ”calculus on infinitely small sections”
and analytic geometry. Calculus is usually associated with
Newtonin and Leibniz, the latter with Descartes.

Great innovations do not emerge at an instant. Arguments
exhibiting features characteristic to mathematical analysis
started to appear in a period of approximately one hundred
years prior to Newton and Leibniz. Archimedes’ work The
Method was unknown at that time, but there was a general
tendency to replace the tedious method of exhaustion of
antique geometry by arguments leading to computational
results more rapidly, even at the cost of logical infallibility.

7.1 Stevin, Kepler and Galilei

One of the first user of infinitesimal arguments was Stevin.
In 1586 he published a book called De Beghinselen der
Weeghconst (Elements of the Art of Weighing) in which he
argued that the centre of gravity must lie on the medians by
approximating the triangle with small parallelograms with
the longer sides parallel to a side of the triangle. As the
centre of gravity of each of these parallelograms was in the
centre of the parallelogram, the entire triangle ought to be
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balanced on each of its medians.
The great astronomer Johannes Kepler (1571–1630) used
with success infinitesimal methods in determining areas and
volumes. He computed the areas of a circle and an ellipse
by filling the figures with narrow triangles and letting their
bases shrink until they were infinitely small.
Kepler derived his Second Law of Planetary Motion – that
the area swept by the radius drawn from the Sun to a planet
in a given time is a constant, by a lucky but erroneous in-
finitesimal argument. On the basis of observational data,
Kepler assumed that the speed of a planet at any given mo-
ment is inversely proportional to its distance r from the Sun
S. If the arc between two points P and Q is divided in sub-
arcs ∆s, then the time used by the planet when travelling
the arc PQ is approximately

t =
∑

∆ti =
∑ ∆s

vi
=

1
k

∑
ri∆s.

On the other hand Kepler assumed that the triangle
bounded by the segments SP ja SQ and the arc PQ is put
together from small triangles with areas

1
2
ri∆s,

and with thus sum to constant × t. By accident, the erro-
neous assumption of the planets velocity and the mistake in
the ”integration” just cancel each other!
The year 1612 was a vintage year, and it evidently inspired
Kepler to use his methods to calculate volumes of wine bar-
rels, which have the form of a solid of revolution. In 1615
He published his results as well as reports of unsolved cases
in the book Nova stereometria doliorum vinariorum. – As
an example of Kepler’s integrations we consider the volume
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of a torus, the solid of revolution formed by a circle turn-
ing around a axis not intersecting the circle. Let the circle
have radius a and let b be the distance from the circum-
ference of the circle to the axis. If the torus is sliced by
planes containing the axis, the volume of one thin slice is
approximately

1
2
πa2(t1 + t2),

where t1 and t2 are the thicknesses of the inner and outer
rim of the slice. When the volumes of the slices are added,
the numbers t1 add up to the circumference of the ”inner
circle”, i.e. 2πb while the numbers t2 add up to the ”outer
circumference” 2π(b + 2a). for the volume then Kepler ob-
tained the correct value 2π2a2(b + a).

Galileo Galilei (1564–1642) was a professor of mathematics
pro profession. He was not a mathematician in the strictest
sense, although he spoke eloquently of mathematics as the
language in which the secrets of nature are written. The
functional dependence of quantities also appears implicitly,
but clearly in his writings. Galilees observations of ”in-
finitely small” and ”infinitely large” quantities were in many
respects ahead of his time. For instance he paid attention
to infinitely small magnitudes of different order. He was
the first thinker to notice the fundamental property of an
infinite set: an infinite set can have subsets which have as
many members as the original set. ”There are as many
square numbers as there are numbers.”

7.2 The Cavalieri integrations

Among Galilei’s students, the most prominent mathemati-
cian was Bonaventura Cavalieri (1598–1647), a Jesuit and
professor in the University of Bologna. His ”integration
methods” were more exact than those of Kepler and they
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yielded results more often. Kepler summed small quanti-
ties of the same dimension as the object under considera-
tion. Cavalieri’s basic idea was to establish a one to one
correspondence between infinitesimal parts of two figures
or solids. If the area or volume of one object was known,
the corresponding number for the other object could be ob-
tained. The Cavalieri principle states that two solids are
equal in volume, provided they can be placed so that when
cut by parallel planes, all figures formed thus formed are
pairwise equal in area. A slight generalization is that a con-
stant ratio of the intersection figures carries over to the same
constant ratio of volumes. The principle can be used to de-
rive the volume of a cone of altitude h based on a circle of
radius r. A pyramid of altitude h based on a unit square

has volume
1
3
h. A plane parallel to the bases at distance x

from the top vertex cuts the cone in a disc of area
x2

h2
πr2,

and the pyramid in a square of area
x2

h2
. This makes the

volume of the cone equal to
1
3
πr2h.

Cavalieri’s main work Geometria indivisibilibus continuo-
rum (1635) was very influential in the development of the
integral calculus. The book contains a result equivalent to∫ a

0

xn dx =
an+1

n + 1
.

Cavalieri verified this for n = 1, 2, . . ., 9 by an ingenuous
comparison of powers of segments parallel to a side of a
parallelogram and powers of segments parallel to the base
of a triangle cut from the parallelogram by a diagonal.
In modern notation, Cavalieri’s argument in the case n = 2
goes as follows. Consider the unit square in the first quad-
rant. The line y = x marks its diagonal. Compute the
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sum of the unit segments parallel to the y-axis. Because of
symmetry, it is

1 =
∑

(x + (1 − x))2 = 2
∑

x2 + 2
∑

x(1 − x).

Denote
x =

1
2
− z, 1 − x =

1
2

+ z.

Now
1 = 2

∑
x2 +

1
2
− 2

∑
z2.

The x-segments cover a right triangle which is one half of the
unit square and the z-segments cover two right triangles one
eighth of the unit square each. The sums

∑
x2 and

∑
z2

stand for volumes of square pyramids similar in the ratio
2 : 1. Thus ∑

z2 =
1
8

∑
x2,

Thus
1
2

= 2
∑

x2 − 2 · 2 · 1
8

∑
x2,

whence ∑
x2 =

1
3
.

This is equivalent to ∫ 1

0

x2 dx =
1
3
.

In the case n = 3 the argument is more complicated. Denote
y = 1 − x. Then, making use of symmetry, one obtains

1 =
∑

13 =
∑

(x + y)3

=
∑

x3 + 3
∑

x2y + 3
∑

xy2 +
∑

y3

= 2
∑

x3 + 6
∑

x2y.
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But the result proved above and symmetry imply

1 = 2
∑

x2 + 2
∑

xy

=
2
3

+ 2
∑

(x + y)xy =
2
3

+ 4
∑

x2y,

and thus ∑
x2y =

1
12

.

One finally obtains

∑
x3 =

1
2

(
1 − 6 · 1

12

)
=

1
4

or ∫ 1

0

x3 dx =
1
4
.

Another important student and collaborator of Galilei was
Evangelista Torricelli (1608–47), the inventor of mercury
barometer. Torricelli was the first to succeed in determin-
ing the area bounded by the cycloid1, a popular object of
study in the 17th century. – A story attributes Torricelli’s
premature death partly to the melancholy condition caused
by a priority dispute with the French mathematician Giles
Personne de Roberval (1602–75) on the cycloid.

7.3 Descartes and analytic geometry

René Descartes or, in Latinized form, Cartesius (1596–
1650) was a Frenchman, but he spent a great part of his
life in exile in the Netherlands. He was an adventurer in his
youth and later a famous philosopher. He devoted his time

1 The curve produced by a fixed point on a circle rolling
along a line.
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and energy to mathematics only occasionally. In his ratio-
nal philosophy he intended to ”apply the best of geometry
and algebra to all thinking”. Even his main mathematical
work La Géométrie was published as an appendix to the
great philosophical work Discours de la méthode pour bien
conduire sa raison, et chercher la vérité dans les sciences
(1637).
Although coordinate geometry is regarded as Descartes’ in-
vention as the expressions Cartesian coordinates and Carte-
sian product indicate, La Géométrie does not show much re-
semblance to modern text-books on analytic geometry with
coordinates, equations of a curves and graphs of functions.
The main purpose of Descartes was to point out the con-
nection of algebra and geometry and the use of algebra in
geometric investigations. Algebra was the method, and its
user did not need to resort the elaborate and demanding
arguments of the geometrics of antiquity: the results could
be obtained by direct calculation. Descartes gave a symbol
to each element of a problem, whether known or unknown,
derive a sufficient amount of algebraic equations involving
the symbols and solve the unknown. If the problem was in-
determinate, Descartes placed the free segment x on a fixed
line and the dependent segment y on a line � emanating from
one end of x in a fixed angle. Thus the original ”Cartesian
coordinates” were oblique.
Descartes’ book was a pioneer in its use of algebraic sym-
bolism. Descartes’ symbolism deviates from the modern one
very little. Descartes wrote aa instead of a2,

√
C a instead

of 3
√

a, and his sign of equality was an inverted ∝. Descartes
used the power notation for other power than squares: he
wrote a3, a4 etc. The use of the beginning of the alpha-
bet for known and the end for unknown quantities was his
innovation.
There are many algebraic results in La Géométrie. One of
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them is the Descartes rule of signs: the number of positive
and negative (or false, as they were denoted by Descartes)
roots of a polynomial equation can be counted from the
number of changes of sign in the sequence of numbers formed
by the coefficients of the polynomial. The number of pos-
itive roots is at most the number of changes of sign in the
sequence and the number of negative roots is at most the
number of pairs of consecutive coefficients of the same sign.
Descartes gave no proof to the rule; it was proved by several
mathematicians in the 18th century. – The fundamental ob-
servation that a polynomial with a as a zero is divisible by
x − a was made by Descartes.
One can see some irony in the fact that Descartes’ death
was to some extent caused by a famous advocate of learning,
Queen Christina (1626-89) of Sweden. In 1649 she invited
Descartes to Stockholm to teach her philosophy. The winter
1650 was exceptionally cold. It and the Queen’s lessons
at 5 AM were too much for Descartes, who caught a fatal
pneumonia.

7.4 Fermat

The fundamental concepts of analytic geometry were dis-
covered independently by Pierre de Fermat (1601–65). He
was a lawyer from Toulouse, but he devoted his spare time
to mathematics and obtained by all means professional re-
sults. Fermat realized more clearly than Descartes that an
equation connecting two variable quantities defines a locus
or a plane curve. ”Always, when the final equation has two
unknowns, there is a locus. The endpoint of one of the
segments traces a straight or curved line.” Fermat recog-
nized all linear or quadratic polynomials in two variables
as equations of lines or conic sections. Fermat’s treatise in
analytic geometry, Ad locos planos et solidos isagoge, was
only printed posthumously, like most his writings, in 1679.
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It was known to his contemporaries in manuscript format.
Fermat is undoubtedly one of the great names in the history
of mathematics. This is of course due to his achievements in
geometry and analysis, but also to his numerous and deep
results in the theory of numbers.
Fermat developed a method of proof which he called infinite
descent . It is a variant of indirect proof and mathematical
induction. If one wants to demonstrate that some relation-
ship among positive integers is not possible, then the way to
go is to assume that the relationship holds for some set of
integers and from this to deduce that the same relationship
necessarily holds for some set of smaller integers. But then
it would be possible to have the relationship hold for ever
smaller and smaller numbers, which is impossible, because
positive integers are bounded from below.
Fermat proved with his method among other things that
there are no positive integers x, y, z which would satisfy
the equation x4 + y4 = z4. Fermat announced (in a note
written in the margin of his copy of the translation of Dio-
phantos’ Arithmetika) that he could prove the same result
even when the exponent 4 is replaced by an arbitrary integer
n ≥ 3. This claim, known as Fermat’s Great Theorem or
Fermat’s Last Theorem (FLT), fascinated both professional
and amateur mathematicians for more than three centuries.
Paul Wolfskehl (1856–1906), a German physician and am-
ateur mathematician, donated in the early 20th century a
considerable prize to be given to the first person who proves
Fermat’s statement in a way satisfying strict criteria. The
prize was given in 1997 to Andrew Wiles (1953–), an En-
glish mathematician, who finally solved the problem in 1995
using very deep and modern mathematical tools, certainly
unavailable to Fermat. A common misconception was that
the Wolfskehl prize had lost it value in the German hyperin-
flation in the 1920’s. In fact Wiles received 75 000 German
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marks (37 000 Euros).

Like the Last Theorem, most of the statements Fermat gave
without proof have finally turned out to be true. An excep-
tion is his claim that all numbers of the form 22n

+ 1 = Fn,
the Fermat numbers, are prime numbers. In fact most of
these numbers seem to be composite. At present, only ac-
cording to the what is known now, only F0, F1, F2, F3 and
F4 are primes. The so called Fermat’s little theorem, which
tells that if p is a prime and a is an integer not divisible by
p, then ap−1 − 1 is divisible by p, was stated by Fermat. Its
proofs are from later periods.

To illustrate Fermat’s method of infinite descent, we sketch
the proof for non-existence of solutions of the equation

a4 + b4 = c2 (2)

in the set of positive integers. (The result clearly implies
Fermat’s Last Theorem in the case n = 4.) To start with,
we assume that there is a solution (a, b, c) to a4 + b4 = c2.
We may assume that a, b and c are coprime. This means
that at least one of a, b is odd. We may assume a = 2d + 1.
If b is odd, too, then a4+b4 and also c2 is of the form 4k+2.
But if c is odd, c2 is of the form 4k + 1 and if c is even, it is
of the form 4k. So b must be even. The numbers a2, b2 and
c constitute a Pythagorean triplet. This means that there
are coprime numbers p and q such that a2 = p2−q2, b = 2pq
and c = p2 + q2. Since a2 is odd and of the form 4k + 1, p
has to be odd and q even. Since p and q are coprime and
2pq = b2, p and 2q have to be square numbers. Set p = r2.
Because p2 = a2 +q2, the properties of Pythagorean triplets
again imply the existence of coprime m and n, one odd, one
even, such that p = m2 + n2, q = 2mn. We know that
2q = 4mn is a square. Thus m and n, m = x2, n = y2. So
r2 = p = a2+b2 = x4+y4. Since c = p2+q2 = r4+q2, r < c.
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We have found a smaller square which can be written as the
sum of two fourth powers. The process can be repeated
over and over. But there are not infinitely many positive
integers smaller than a given integer. Thus the assumption
of a solution (a, b, c) to (2) has to be wrong.

7.5 Novel methods of integration

Pierre Fermat and his compatriots Blaise Pascal (1623–62)
and Roberval each found that what we write as∫ 1

0

xk dx =
1

k + 1

can be deduced from the information

lim
n→∞

1k + 2k + · · · + nk

nk+1
=

1
k + 1

. (3)

The expression for the power sum

n∑
k=1

kp

was already known in antiquity in the cases p = 1 and p =
2. In the Islamic mathematics, also the cases p = 3 and
p = 4 had been treated. Pascal inferred from the Pascal
triangle (which, as mentioned before, was known in medieval
China and had been published in the West by Tartaglia and
Cardano; the array got the name Pascal’s triangle in the
18th century) that the relation

(
k + 1

k

) n∑
i=1

ik +
(

k + 1
k − 1

) n∑
i=1

ik−1 + · · · +
(

k + 1
1

) n∑
i=1

i

= (n + 1)k+1 − (n + 1)
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holds. From this follows the essential fact that
n∑

i=1

ik =
nk+1

k + 1
+ lower powers of n.

Pascal’s argument was essentially the following:

(n + 1)k+1 − 1k+1 =
n∑

i=1

(
(i + 1)k+1 − ik+1

)

=
n∑

i=1

k∑
p=0

(
k + 1

p

)
ip =

k∑
p=0

(
k + 1

p

) n∑
i=1

ip

=
k∑

p=1

(
k + 1

p

) n∑
i=1

ip + n.

Fermat attacked the ”integration of xn” in his own way.
If one wants to compute the area between the x-axis, the
curve y = xn and the line x = a > 0 we choose a number
E, 0 < E < 1, and divide the interval (0, a) by the points
Ea, E2a, . . . . Now approximate the area with rectangles of
base Eka−Ek+1a and altitude (Eka)n. The combined area
of the rectangles is

∞∑
k=0

(Eka)n(Eka − Ek+1a) =
an+1(1 − E)
1 − En+1

=
an+1

1 + E + E2 + · · · + En
.

As E → 1, the sum in the denominator approaches the
number n + 1, and the formula∫ a

0

xn dx =
an+1

n + 1

is complete. Fermat’s method also works when the area is
bounded by the curve yn = x or y = x1/n and when it is
bounded by ym = xn or y = xn/m.
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The Englishman John Wallis (1616–1703) was in the clerical
profession, but he also occupied the Savilian professorship in
geometry at Cambridge for 53 years (originally, he got the
appointment from Oliver Cromwell for political reasons).
He was the one who essentially introduced negative and a
rational exponents. The convention x0 = 1 is his innovation.
In his book Arithmetica Infinitorum (1656) he set forth that
the formula (3) is true for rational exponents, too. Wallis’
argument based on interpolations of the lines of the Pascal
Triangle. It was quite speculative and acceptable only if the
exponent is the inverse of an integer – then a simple addition
of areas yields

∫ 1

0

xp dx +
∫ 1

0

x1/p dx = 1.

A more binding argument in the case of a general rational
exponent was the one given by Fermat. The Wallis argu-
ment is interesting because it shows the power of intuition
in guiding mathematical discovery. Newton followed Wal-
lis when he discovered the binomial series which played a
central part in his mathematical theories.
Numerical evidence led Wallis to infer that the ratio

0k + 1k + 2k + · · · + nk

nk + nk + nk + · · · + nk

approaches the value
1

k + 1
. He interpreted this to mean

that every function xk is attached with an index I(xk) and
that this index equals k. Wallis observed that for functions
that form a geometric sequence like 1, x2, x4, x6, . . . , the
indices constitute an arithmetic sequence. He boldly gener-
alized this to the functions 1, q

√
x, ( q

√
x)2, . . . , ( q

√
x)q−1, x,

also a geometric sequence. Their indices should also form
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an arithmetic sequence. But I(1) = 0 and I(x) = 1, and we
must have I

(
( q
√

x)p) =
p

q
. Wallis did not use the rational

exponent notation, but the kernel of the concept is in his
index.

To determine the area of a circle Wallis needed to know
the area under the curve

√
1 − x2. An interpolation from

the known integrals of (1 + x2)k, k an integer, led Wallis to
express π as an infinite product

π

2
=

2 · 2 · 4 · 4 · 6 · 6 · 8 . . .

1 · 3 · 3 · 5 · 5 · 7 · 7 . . .
;

the relation is known as the Wallis formula.

It is commonly believed that Wallis was the first user of the
infinity sign ∞.

The integration problems posed by the determination of arc
length are often more difficult than those met when deter-
mining an area or a volume. The first non-trivial exact
determination of arc length is attributed to the 20 year old
Englishman William Neil1 (1637–70). In 1657 he succeeded
in using the quadrature of the parabola y =

√
x for de-

termining the length of an arc of the semi-cubic parabola
y2 = x3. The length s of its arc between the points (0, 0)
and (a, a3/2) is approximately

n∑
i=1

√
(xi − xi−1)2 + (yi − yi−1)2.

The area under the curve z =
√

x between x = 0 and x = xi

equals Ai =
2
3
x

3/2
i . On the other hand, Ai −Ai−1 ≈ zi(xi −

1 The name also appears in the form Neile.
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xi−1), we have

s ≈
n∑

i=1

√
1 +

(
yi − yi−1

xi − xi−1

)2

(xi − xi−1)

≈
n∑

i=1

√
1 +

9
4
z2
i (xi − xi−1) =

n∑
i=1

3
2

√
xi +

4
9
(xi − xi−1).

The last sum is the one needed in the quadrature of the

parabola y =
√

x +
4
9
; the sought length will finally be

s =
(9a + 4)3/2 − 8

27
.

In the same way as Newton found inspiration in the work
of Wallis, Leibniz was to make use of Pascal’s considera-
tion on the characteristic triangle associated with a circular
arc. Let O be the centre of a circle of radius r, A a point
on the circumference, C the projection of A on the x-axis
and MLK a small right triangle whose hypotenuse LM is
tangent to the circumference at A and whose legs KL and
MK are parallel to x- and y-axes, respectively. The trian-
gles AOC and LMK are similar. If ML ≈ r dφ = ds and
KL = dx, then y ds = r dx. These observation led Pascal
to a result corresponding to the formula

∫ β

α

sin φdφ = cosα − cosβ

as well as to a verification of the area of the surface of
the sphere. (2πydφ is the area of an infinitesimal spheri-
cal zone.)
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7.6 Tangent constructions

In the early history of mathematical analysis, differential
calculus comes after integral calculus, in contrary to the
modern order of exposition of these subjects. The first de-
terminations of tangents using infinitesimal methods were
carried out around 1630 by the creators of analytic geom-
etry. Fermat’s maximum principle was one of the first an-
alytic determinations of the tangent of a curve. To find
the maximum of a function f Fermat wrote the equation
f(x + E) = f(x), divided both sides by E, then set E = 0
and solved the remaining equation for x. The concept of
limit was unknown to Fermat, but his method is clearly
closely related to the method of calculation the difference
quotient ja finding places where the difference quotient or
its limit is zero.
The first extremum problem discussed by Fermat was the
problem of braking the segment AB in two segments AC and
CB so that the product AC · CB is maximal. If AB = a,
AC = x and C ′ is a point close to C such that CC ′ = e,
then AC ·CB ≈ AC ′ ·C ′B or x(a− x) ≈ (x + e)(a− x− e)
or e(2x − a + e) ≈ 0 or 2x − a + e ≈ 0. When we now set

e = 0, we can solve x =
1
2
a. Thus we know that the square

maximizes the area of a rectangle of given perimeter.
In a corresponding manner Fermat found the sub-tangent
of a curve – the projection on x-axis of the segment of the
tangent line between the point of tangency and the axis.
Consider the curve y = xn and a point P on it. The tangent
of the curve at P will cut the x-axis at T and the projection
of P on the x-axis is N . Take another point N ′ on the x-
axis such that NN ′ = e, and let N ′ be the projection of the
point P ′ on the curve. If the tangent and P ′N ′ intersect at
S and the line through P parallel to the x-axis intersects
P ′N ′ at R, then the triangles PNT and SRP are similar.
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If TN = t and P ′R = d, then

t = TN =
PN

SR
· PR ≈ ye

d
.

But y + d = (x + e)n = xn + nxn−1e+ higher powers of e.

So
d

e
≈ nxn−1 and t =

y

nxn−1
=

x

n
.

Fermat introduced the variational principle which governs
the motion of light. According to Fermat’s principle, light
always travels along the path which provides the fastest
passage from one point to another. Variational consider-
ations were to play a major role in the early applications of
the differential calculus. An easy consequence of Fermat’s
principle is the reflection law – incoming and outgoing rays
form the same angle with the reflective surface – and re-
fraction principle, Snell’s law. It had been stated earlier
by the Dutch Willebrord Snell (1580–1626) and Descartes.
Snell invented the principle of triangulation, the basic tool
of geodesy. –Snell published his determination of the radius
of the Earth in a book with the name Eratosthenes Batavus
in 1617.
Descartes constructed a normal to a curve at a given point
P by requiring that the equation generated by the curve
and a circle through P has a double root at the point of
intersection. If the additional condition that the centre of
the circle lies on a given line is imposed, then the direction of
the normal will be given by the radius of the circle through
P .
Using the method of Descartes, we would find the tangent to
the parabola y = x2 at the point P = (a, a2) as follows. A
circle through P = (a, a2) with centre at the point (b, 0) on
the x-axis will have radius r such that r2 = (b−a)2+a4. If y
is eliminated from the equations y = x2 of the parabola and
(x−b)2+y2 = r2, the equation (x−b)2+x4−(b−a)2−a4 =
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(x−a)(x+a−2b)+(x−a)(x3 +x2a+xa2 +a3) = 0 results.
For a to be a double root, the equation 2a − 2b + 4a3 = 0
or b − a = 2a3 has to hold. With this information, the

normal to the curve is y = − a2

b − a
(x − b) = − 1

2a
(x − b).

Thus the tangent has to be y−a2 = 2a(x−a), as it should.
– Descartes himself regarded the determination of tangents
and normals as his greatest achievement: ”I dare to say
that this [determination of normal] is not only the most
useful and general geometric problem among the problems
I managed to solve, but also among those problems I ever
have desired to be able to solve.”
The complicated tangent determinations of Fermat and
Descartes were simplified by the Dutch Johann Hudde
(1628–1704) and Flemish René François de Sluse (1622–85).
They derived more computational method for determination
of the double roots always implicit in tangent determination.
Hudde’s method goes as follows. Let

F (x) =
n∑

k=0

akxk

be a polynomial. Construct a new polynomial G(x) by mul-
tiplying the coefficients of F (x) by the numbers in the arith-
metic procession a, a + b, a + 2b, . . . , a + nb. So

G(x) =
n∑

k=0

ak(a + kb)xk.

Now a double root e of F (x) = 0 will be a root of G(x) = 0:
If

F (x) = (x − e)2
n−2∑
k=0

ckxk =
n−2∑
k=0

ck(xk+2 − 2exk+1 + e2xk),
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and if Ak = a + kb, then

G(x) =
n−2∑
k=0

ck(Ak+2x
k+2 − 2eAk+1x

k+1 + e2Akxk)

=
n−2∑
k=0

ck

(
(Ak + 2b)x2 − 2e(Ak + b)x + e2Ak

)
xk

=
n−2∑
k=0

ck

(
Ak(x − e)2 + 2bx(x − e)

)
xk.

If we take a = 0 and b = 1, we notice that G(x) = xF ′(x).
Thus the Hudde rule defines the derivative of a polynomial
by pure algebraic manipulation, without any reference to
limits.
Tangent determinations were also based on kinematics. This
was the way to proceed by Roberval, among others. If a
curve is considered as the trajectory of a moving point, then
the direction if the instantaneous motion is that of the tan-
gent. If the motion can be interpreted as a combination
of two motions (such as the motion of the point generating
the cycloid, combined from a translation and rotation, both
at constant speed), the tangent can be determined by the
method of adding velocities. The parabola, for instance, is
the trajectory of a point distancing itself at the same ve-
locity both from its focal point and the directrix line. An
immediate consequence of this is that the tangent is the bi-
sector of the angle formed by the focal radius and a normal
to the directrix (which of course is parallel to the axis of
symmetry of the parabola.

7.7 Barrow: at the doorstep of the Calculus

The idea of association of the difference quotient and tan-
gent is evident in the lectures given by Isaac Barrow (1630–
77), the teacher of Newton, in Cambridge in the 1660’s. He
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interpreted the tangent of a curve as the limiting position of
a line intersecting the curve in two points close to each other.
The limiting position could be determined if infinitesimals
of higher order were discarded.

Barrow’s construction

Barrow was the first one to prove that the tangent to a curve
C1, presenting the area defined by another curve C2, x-axis
and lines parallel to the y-axis, is directly obtainable from
C2. We let | | stand for area. Let C2 = ZGE be a curve
whose points distance themselves from the axis V PD and
let C1 = V IF be a curve whose every point F is such that
the distance FD from the axis satisfies FD · R = |ZEDV |,
where R is a fixed line segment. Choose a point T on the

on the axis such that
DE

DF
=

R

DT
. Let I be a point of C1

between V and F and define L on FD, P on V D and G on
C∈ by IL‖V D and IPG‖FDE. If FT and IL intersect at
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K, then
LF

LK
=

DF

DT
=

DE

R
.

But LK · DE = R · LF = |GEDP | < PD · DE, so LK <
PD = IL. This means that FT is below the curve C1. A
similar argument shows that the extension of FT also is
below C1. So FT is tangent to C1.
Barrow presented this result, which is very close to the Fun-
damental Theorem of Calculus, as a purely geometric truth.
The implicit functional relationship was not apparent, how-
ever, so Barrow’s result falls somewhat short of the funda-
mental theorem, and the fame associated with it was left to
his pupil.
Barrow preferred theology to mathematics. He gave up his
professorship in Cambridge in favour of Newton in 1669.
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Descartes, René 96, 102–104,

113–114
Hudde, Johann 114
Sluse, René 114
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